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Abstract. Theoretical study on binding energies due to a centred charged impurity and the associated
photoionization cross-section (PCS) in a spherical shell are presented. This was achieved by solving the
Schrodinger equation within the effective mass approach. Intrinsic to the spherical quantum shell may be
the parabolic potential or the shifted parabolic potential, each superimposed on an infinite spherical square
well. Results indicate that the parabolic potential enhances binding energies while the shifted parabolic
potential diminishes them. These electric potentials considerably modify photoionization cross section
in two ways. One, the parabolic potential blueshifts peaks of PCS while the shifted parabolic potential
redshifts the peaks. Second, the parabolic potential decreases the magnitude of the peaks of the PCS while
the shifted parabolic potential increases the magnitudes of the peaks. In essence, these two potential may

be used to manipulate PCS in quantum structures.

1 Introduction

Nanofabrication techniques such as chemical vapour
deposition [1,2], lithography [3,4], molecular beam epi-
taxy [5,6] and atomic layer deposition [7] (or a combi-
nation thereof [8]), have been very instrumental in the
realization of nanostructures. These structures have a
wide range of applications: in bioscience [9-11], pho-
todetection [12], optoelectronics [13-15], communica-
tions [16], energy technology [17-19] and in data stor-
age systems [20]. Another promising avenue is quantum
computing [21], wherein computing power and speed
can be several orders of magnitude more superior than
conventional processors [21].

These structures may contain impurities due to inten-
tional doping [22-24] or due to contamination dur-
ing the growth processes, or both. Therefore, under-
standing of effects of impurities on quantum properties
of electrons is key, particularly if they are electrically
charged. Thus, effect of electric field on binding energies
in quantum structures has been investigated [25-27].
Magnetic fields also play a significant role in altering
quantum properties of electrons [28], hence their effect
on binding energies has been studied in a quantum well
[29], quantum dot [30], cylindrical quantum well wires
[31,32] and in quantum discs [33]. Because hydrostatic
pressure influences the energy band gap, it inevitably
modifies the effective mass of an electron in a material,
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and coupled with the fact that it also alters the dielec-
tric constant, it indubitably influences binding energies
[34,35]. Position of the impurities in nanostructures also
plays a very significant role in binding energies. In view
of this, binding energies due to off-centred impurities
have been reported in ellipsoidal quantum dots [36] and
in spherical quantum dots [37,38]. In most theoreti-
cal investigations that have been reported, the region
accessible to electrons is electrostatically homogeneous.
However, there are a number of reports on multilayered
nanostructures, which offer great insight into the quan-
tum properties of electrons in the vicinity of charged
impurities in these structures [39-41].

When an electron is bound to a donor impurity, it can
be freed from the electrostatic grasp of the impurity if it
is supplied with enough energy. If the source of the sup-
plied energy is light, then the process is known as pho-
toionization. Photoionization cross section (PCS) has
been studied both theoretically and experimentally for
a number of systems, for example in spherical core/shell
quantum dots [42], ellipsoidal core/shell quantum dots
[43], cylindrical core/shell nanowires [44] and cones [45],
among others. The effects of spatially variant electric
potentials on PCS have also been investigated [46,47].
The results indicated that PCS can be tuned, its peaks
be redshifted or blueshifted, and the magnitude of PCs
can be modulated by use of spatially variant electric
confining potentials.

In this paper, photoionization cross-section and bind-
ing energies due to a charged impurity in a spheri-
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cal quantum shell (SQS) are sought for analytically
within the effective mass approximation. The electro-
static potentials inside the shell considered here vary
parabolically as outlined in the next section. The orga-
nizational structure is as follows: The Preliminary notes
section is concerned with the theoretical formulation of
the problem, whose results and discussions are found in
the Results section. Lastly, the concluding remarks are
dealt with in the Conclusions section.

2 Preliminary notes

2.1 Photoionization cross-section

Photoionization cross-section can be regarded as the
probability that a bound electron can be freed from
an electrostatic grasp by assimilating energy (fiw) from
a photon of a certain frequency. It is mathematically
modelled as [46,47]

o =00y |{fIrli)|*6(AE — hw), (1)
f

where AFE is energy difference between final state f
(associated with energy Ey) and initial state ¢ (with
associated energy E;) and r is position vector of an elec-
tron. Here, 09 = (4n?apsnE2 hw)/(3emE2,), where
FE;y, is amplitude of electric field of incident radiation
while E,, is the average electric field of the radiation
inside the crystal of refractive index n and dielectric
constant €,,. aps (= 1/137) is the fine structure con-
stant. To aid in the computations, the delta function
that conserves energy in Eq. (1) is approximated by
the Lorentzian

HTy;
AE ) o 2

S(AE — hw) —
m

where I'y; is the relaxation rate of the initial and the
final states, related to the |i) — |f) transition lifetime
Tfi by Ffi = l/Tf,;.

2.2 Wave functions

The envisaged system is one in which an impenetrable
spherical core is surrounded evenly by a semiconduc-
tor, all embedded in a glass matrix. A charged impu-
rity situates in the core, and for simplicity, at the cen-
ter of the core. The time-independent wave function is
given by U(r,0,¢) = Crnx(r)Yim (0, ¢), where x(r) is
radial component of the wave function satisfying the
Schrédinger equation

1d ﬂi (r)
r2 dr arX

2 Zkee?
{W[E“”_ R

@ Springer

Eur. Phys. J. B (2021) 94:129

with p being the electron effective mass, V() the con-
fining electric potential and ! is orbital quantum num-
ber that indicates the angular momentum of an elec-
tron. Z represents the charge of the impurity (which is
Ze, where e is the elementary charge), Z = 1 for hydro-
genic impurities and Z = 2 for helium-like impurities,
for example. h is the reduced Planck’s constant and
Yim (0, @) are the spherical harmonics, with m being the
magnetic quantum number. k. is the Coulomb’s con-
stant and effect of the dielectric constant of the core ¢,

2
has been factored in by the constant a, = Ekﬁl (Fe=m).

2.2.1 Parabolic potential

In a spherical shell, the parabolic potential can assume
the mathematical representation;

V(r) = %uw%(r —Ry)?, for Ry <7 < Ry (@)
o0, elsewhere [

wp is angular frequency associated with the classical
harmonic oscillator. Solution to the radial part of the
Schrédinger equation is in terms of the Heun Biconfle-
unt function [48-51]

x(r) = Cumegl(")r‘”Hg + Czlmegl(T)r_”Hng (5)

with
HE = HeunB(£|20 + 1|, v, 8,7, g2(7))
and
W
o= 2R1\/ng
200 — 2E,,
8= Tol
- 47k e? \/7 _ (6)
he, hwg
gi(r) = “T“;;(r — 2Ry))r
ga(r) = = |

Chim and Cyyy, are constants obtainable from both the
application of boundary conditions and normalization
of the wave function. To ensure that the wave function
vanishes at the walls of the quantum shell, the energy
eigenvalues must be

Be

By = o — 9 Two (7)

where (g is the value of 3 that satisfies the condition

HY(Ri)Hg (Ry) = Hf (R2)Hp (Ry) (8)
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where
HE(Ry(2)) = HeunB(£[20 + 1], @, B, 7, g2 (R1(2)))-

Without the impurity, radial component of the wave
function is similar to that for the case with the impu-
rity (Eq. (5)) with parameters being identical except

for f =3 = —%E—?m and v = 0. This gives the energy

wo
eigenvalues in the absence of the impurity as

0 By
Ejpy = =5 Tuwo 9)

where 39 is the value of 3 = 3° that satisfies the con-
dition set in Eq. (8) but with Z = 0. By defining the
binding energy as the energy without the impurity less
that with the impurity, we have

BE), = %(5E — Bp)hwo — ac. (10)

Shifted parabolic potential

This potential is maximum at the inner wall and
decreases parabolically to a minimum (here taken as
zero) at the outer wall

V(r) = %uw%(r — Ry)?, for Ry <1 < Ry (11)
00, elsewhere [ °

Solution to the radial part of the Schrodinger equa-
tion is also in terms of the Heun Biconfleunt function

(Eq. (5)) but with

o = 2R2 @
- (12)
w
qa(r) = L;—;(r —2Ro)r

and all other parameters being identical to those asso-
ciated with the parabolic potential in the presence of
the impurity. The energy spectrum, obtainable from the
usual boundary conditions at the walls of the SQS, is
given by Eq. (7) where 8 is the value of § that satisfies
the condition set in Eq. (8), for this potential.

In the absence of the impurity, the radial component
of the wave function is still expressible in terms of a
combination of the Heun Biconfluent functions (Eq. (5))
with parameters identical to those for this potential
in the presence of the impurity with the exception of
g =03 = 7% and v = 0. The energy eigenvalues
in the absence of the impurity for a shifted parabolic
potential, again, determined by the usual application
of the boundary conditions, have the same form as in
Eq. (9), with 8% being the value of 8 = 8° that satis-
fies the condition stipulated in Eq. (8). One is now in a
position to obtain the binding energy, given by Eq. (10),
associated with this type of potential.
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Fig. 1 The dependence of ground state binding energies on
the strengths of the parabolic potential (PP) and the shifted
parabolic potential (SPP) in spherical quantum structures
of outer radius R> = 300A. The plots marked ry are for an
inner radius R; = 0A while those marked rs correspond to
Ry, =504

3 Results

The variables used in the calculations are p = 0.067m,,
where m, is the free electronic mass and 2I'y; = 1 meV.
The dielectric constants of the crystal and the core have
been taken as €, = €. = 12.5 and the outer radius
has been kept constant at R, = 300A. Additionally,
7Z =1 (for hydrogen-like impurities) has been used in
these results except in Fig. (5) where the photoioniza-
tion cross-section associated with a hydrogen-like impu-
rity is compared with that associated with a helium-like
(Z = 2) impurity.

Figure 1 depicts ground state binding energies of an
SQS of inner radius 7, = Ry = 50 A compared with that
of an SQD (r; = Ry = 0) as functions of strengths of
the parabolic potential (PP) and the shifted parabolic
potential (SPP). The outer radius of the two spheri-
cal nanostructures (the SQS and the SQD) is Ry =
300A. The binding energies increase monotonically as
the parabolic potential intensifies. This is because this
potential confines electrons to a region around the
inner walls, closer to the impurity. The increase in the
inner radius increases the separation between the elec-
tron and the impurity, decreasing the binding energy.
With the separation increased, the intensification of
the parabolic potential will not displace the electrons
to the same extent as for the spherical quantum dot
(R; = 0), which has no restriction near or at the centre.
Thus, the rate at which the binding energies increase
as the potential strength increases lessens as the inner
radius gets larger. The shifted parabolic potential, on
the other hand, restricts the motion of electrons away
from the impurity, decreasing the electrostatic interac-
tion between the electron and the impurity. This restric-
tion from the core can reach a degree at which the elec-
trons become insensitive to the presence of the inner
radius. Unlike for the parabolic potential, therefore, the
binding energies corresponding to different inner radii
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Fig. 2 The variation of ground binding energies with the
inner radius of an SQS of outer radius Ry = 300A. Dot-
ted plot corresponds to fwg = 0, solid plot and the dashed
plot correspond to the parabolic potential (PP) and shifted
parabolic potential (SPP), both of strength fiwg = 10 meV
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Fig. 3 Transition energies as functions of strengths of the
parabolic potential (PP) and the shifted parabolic potential
(SPP) in an SQS of inner radius ro = R1 = 50A and outer
radius R = 300A. The transition energies are compared
with those of an SQD (R; = 0) of radius R = Rz = 3004

converge as the strength of the shifted parabolic poten-
tial increases.

Figure 2 shows the dependence of ground state bind-
ing energies on the size of the inner radius of an SQS of
outer radius Ry = 300A. The three plots have been gen-
erated for iwg = 0, and for parabolic potential (PP) and
the shifted parabolic potential (SPP) each of strength
hwy = 10meV. Increase in the inner radius shifts
the radial position expectation value of the electrons
towards the outer wall, with the ground state expe-
riencing the greatest shift. This in turn increases the
electron-ion separation, decreasing the binding energy.

The dependence of transition energies on strengths
of the potentials can be viewed in Fig. 3 for spheri-
cal quantum structures of outer radius Ry = 3004 and
inner radii 11 = Ry = 0 and 79 = Ry = 50A. The
parabolic potential affects the higher [ valued states
than it does the lower [ valued states. Consequently,
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Fig. 4 The dependence of transition energies on size of the
inner radius of an SQS of outer radius Rs = 300A. The three
plots have been generated for an ISSW (hwy = 0) and for
an SQS with intrinsic parabolic potential (PP) and shifted
parabolic potential (SPP), both of strength fiwg = 10 meV'

increase in the strength of this potential increases tran-
sition energies. This is in contrast to the effect of the
shifted parabolic potential, which tends to influence the
lower 1 valued states more than it does the higher 1
valued states, consequently decreasing transition ener-
gies as it increases in strength. The presence of the
inner radius increases the electron impurity distance of
separation, which lowers binding energies. Additionally,
the inner radius hinders the parabolic potential in con-
fining electrons around the centre, thereby decreasing
the effectiveness of the parabolic potential to increase
binding energies. Thus, transition energies of SQSs of
unequal inner radii diverge as strength of the parabolic
potential is increased. The shifted parabolic potential,
on the other hand, restricts the motion of electrons
away from the inner walls, and the inner radius becomes
irrelevant as the shifted parabolic potential intensifies.
Consequently, transition energies of SQSs of unequal
inner radii converge as strength of the shifted parabolic
potential is increased.

Figure 4 shows the variation of transition ener-
gies with the inner radius of an SQS of outer radius
Rs; = 300A. The dotted plots correspond to the infi-
nite spherical square well (ISSW) (fuwy = 0), the solid
curves correspond to an SQS with a parabolic potential
(hwg = 10meV), the dashed plots are associated with
the shifted parabolic potential (fiwg = 10 meV'). Gener-
ally, the transition energies decrease as size of the inner
radius increases. This is due to the fact that the inner
radius affects energies of the lower 1 valued states more
than it does the higher states, effectively decreasing the
gap between energies of different [ valued states.

Figure 5 shows the variation of the scaled PCS with
energy of electromagnetic radiation incident on an SQS
of inner and outer radii R; = 504 and Ry, = 300A.
The dotted line corresponds to the ISSW (fuwy = 0)
while the plots marked PP and SPP are for SQSs
with intrinsic parabolic and shifted parabolic potentials
respectively, each of strength hwy = 10meV. Z = 1
corresponds to PCS associated with a hydrogen-like
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Fig. 5 The dependence of the scaled PCS on the energy
of incident electromagnetic radiation for an SQS of inner
and outer radii R1 = 504 and R, = 300A. The dotted
line corresponds to PCS for an SQS with iwo = 0, the solid
plot corresponds to an SQS with a parabolic potential while
the dashed curve is associated with an SQS with an intrin-
sic shifted parabolic potential, both potentials of strength
hwo = 10meV. Z = 1 corresponds to PCS associated with
a hydrogenic impurity while Z = 2 is associated with a
helium-like impurity

impurity, while Z = 2 is associated with a helium-
like impurity. For given dimensions of the SQS, PCS
for SQS with parabolic potential are peaked at higher
energies of the electromagnetic radiation than the pure
ISSW. Peaks of PCS for an SQS with an intrinsic shifted
parabolic potential, on the other hand, occur at radi-
ation energies lower than for the ISSW. As mentioned
already, this is because the parabolic potential enhances
transition energies while the shifted parabolic poten-
tial decreases them. Another difference in the effect of
these electric confining potentials is that the parabolic
potential reduces the magnitude of PCS, while the
shifted parabolic potential increases the magnitude of
the peaks of PCS. This trend can be seen in both
the hydrogen-like and the helium-like associated PCSs.
PCS associated with a hydrogen-like impurity differs
from that due to a helium-like impurity in at least two
respects. One, the peaks of PCS associated with the
helium-like impurity occurs at greater values of the pho-
ton energy than for those of the hydrogen-like impu-
rity. Two, the magnitude of the peaks of the helium-
like impurity associated PCS are greater than those of
the hydrogen-like impurity associated PCS. The reason
for the first distinction is increased Coulomb interac-
tion, which perturbs the lower states more than the
excited states. The reason for the second distinction is
the fact that PCS varies linearly with photon energy
(see Eq. (1)), and the helium-like impurity associated
PCS is peaked at high photon energies, hence the larger
magnitude.

The dependence of PCS on strengths of the parabolic
and the shifted parabolic potentials can be viewed in
Figure 6. In the figure, electromagnetic radiation of
energies v = hw = 10 meV and vy = hw = 12.5meV
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Fig. 6 The scaled PCS as a function of strengths of the
parabolic potential (PP) and the shifted parabolic potential
(SPP) in an SQS of inner and outer radii Ry = 504 and
Ry = 300A. The two pairs of plots correspond to energies
of the incident electromagnetic radiation of v1 = hw = 10
meV and vo = hw = 12.5meV
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Fig. 7 The scaled PCS as a function of the inner radius of
the spherical nano shell. The dotted plot is for 71 = hwo =
0, the solid plot corresponds to a parabolic potential (PP)
while the dashed line corresponds to PCS for an SQS with an
intrinsic shifted parabolic potential (SPP), both potentials
of strength 72 = hwo = 10 meV

is incident on a spherical quantum shell of inner radius
Ry = 50A and outer radius Ry = 300A. Solid plots
(marked PP) correspond to the parabolic potential
while those of the shifted parabolic potential (SPP) are
represented by the dashed curves. v4 is less than transi-
tion energies for an ISSW (fuwwy = 0) while v is greater
than the ISSW transition energies. This implies that
the parabolic potential can be utilized to facilitate pho-
toionization in SQSs whose dimensions correspond to
transition energies that are less than the energy of the
incident electromagnetic radiation. In the case where
ISSW transition energies of an SQS are more than the
energy of incident radiation, then the shifted parabolic
potential can be utilized to facilitate photoionization.
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Fig. 8 Peaks of the scaled PCS as functions of strengths
of the parabolic potential (PP) and the shifted parabolic
potential (SPP) for an SQS of inner radius 72 = R; = 504
and outer radius of Ry = 300A4. The pair with the least
intercept corresponds to an SQD (R: = 0) of radius R =
Ry = 3004

The effect of the size of the inner radius on PCS
can be viewed in Fig. 7. Here, an SQS is considered
to be illuminated by an electromagnetic radiation of
energy hiw = 10meV. The three figures have been gen-
erated for an SQS with fiwy = 0 (dotted plot), parabolic
potential of iwg = 10meV (solid plot marked PP) and
shifted parabolic of strength hiwg = 10meV (dashed
plot marked SPP). As can be seen in Fig. 4, transition
energies decrease with increasing size of inner radius,
with those corresponding to the parabolic potential
(shifted parabolic potential) being higher (lower) than
those of a pure ISSW (fiwg = 0). As such, for a given
energy of the radiation lower than the transition ener-
gies for a solid sphere of radius R = Ry, photoioiniza-
tion resonance will be reached for a larger (smaller)
inner radius of an SQS with an intrinsic parabolic
potential (shifted parabolic potential), for a constant
outer radius.

Figure 8 illustrates the dependence of peaks of the
PCS on the strengths of the parabolic potential (PP)
and the shifted parabolic potential (SPP) for an SQS of
inner and outer radii 75 = Ry = 504 and Ry = 300A4.
These are compared with those of an SQD (r; = Ry =
0) of radius R = Ry = 3004 with intrinsic parabolic
potential (PP) and shifted parabolic potential (SPP).
Peaks of PCS of SQSs are generally higher than those of
the SQDs due to the presence of the inner radius. The
inner radius restricts the motion of electrons from the
centre of the nanostructure, which enhances the matrix
elements between the initial state |i) and the final state
1), (Firli).

Figure 9 depicts the dependence of the peaks of the
scaled PCS on the inner radius of an SQS of outer radius
Rs; = 300A. The dotted plot corresponds to the infi-
nite spherical square well (ISSW) (fuwy = 0), the solid
curve corresponds to an SQS with a parabolic poten-
tial while the dashed plot is associated with the shifted
parabolic potential. It can be appreciated from the fig-
ure that as value of the inner radius approaches that
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Fig. 9 Peaks of the scaled photoionization cross-section as
functions of the inner radius of the spherical nano shell of
outer radius Rz = 300A. The dotted plot corresponds to the
spherical quantum shell iwo = 0, the solid plot is associated
with the parabolic potential while the dashed curve corre-

sponds to the shifted parabolic potential, each potential of
strength fiwg = 10 meV'

of the outer radius, peaks of the PCS increase in mag-
nitude. As the inner radius decreases, the peaks also
decrease for two systems, namely ISSW and the SQS
with a parabolic potential. When the inner radius is
small (or zero), electrons spend most of their time at
small radial distances, lowering the value of (r?). In
the case of an SQS with an intrinsic shifted parabolic
potential, the motion of electrons is restricted towards
the outer wall, thereby enhancing the value of (r?).
Hence, for an SQS with a shifted parabolic potential,
peak of the PCS decreases only to a certain minimum
after which it increases asymptotically as value of the
inner radius decreases.

4 Conclusions

The effects of the geometry of confining electric poten-
tials on the binding energies due to a donor impu-
rity and associated photoionization cross-section in an
SQS have been investigated. This has been achieved
by solving the Schrédinger equation within the effec-
tive mass approximation. The geometries studied are
the parabolic potential and the shifted parabolic poten-
tial, each superimposed on an infinite spherical poten-
tial well. The parabolic potential confines electrons
towards the inner wall of the SQS, restricting their
motion closer to the centred impurity, thereby enhanc-
ing the binding energies as the electric potential intensi-
fies. The shifted parabolic potential, on the other hand,
restricts the motion of electrons away from the inner
wall, consequently increasing the electron-impurity sep-
aration, thereby decreasing the binding energies. The
other parameter that increases the electron-impurity
separation is the inner radius, which lowers the bind-
ing energy as it increases. Results show that these two
potentials drastically modify PCS mainly in two ways.
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First is that the parabolic potential blueshifts peaks
of PCS while the shifted parabolic potential redshifts
the peaks. The second is that the parabolic potential
decreases the magnitude of the peaks of the PCS while
the shifted parabolic potential increases the magnitudes
of the peaks. This is crucial for nanotechnology as it
gives control over ways of modifying quantum quanti-
ties like binding energies and PCS for nanodevice appli-
cations.
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