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Abstract
Electron states in GaAs, GaN and AlN quantum wells are studied by solving a semi-relativ-
istic wave equation within the effective mass approximation. The quantum states are in turn 
used to probe the properties of two-level qubits formed in the different quantum wells at 
various temperatures. Results indicated that the period of oscillation between the quantum 
states increases with increasing width of the quantum wells, with AlN having the longest 
period and shortest for GaAs. Transition rates were also studied, since their product with 
the period of oscillation yield important information concerning the feasibility of carrying 
out a quantum computation. This product is equivalent to the ratio of the period of oscilla-
tion between states to the lifetime of an electron in an excited state. From the results, GaAs 
quantum wells may be preferable as they have the lowest ratio compared with  the other 
quantum wells of other materials. AlN has the highest ratio of the three semiconductors 
considered here. Shannon entropy in the different quantum wells was studied also. It was 
found that the entropy in GaAs quantum wells varies rapidly through the passage of time, 
while those of GaN and AlN vary relatively slowly.

Keywords  Semi-relativistic quantum mechanics · Quantum well · Qubits

1  Introduction

Nanotechnology, the ability to have control over the architecture of devices at a nanoscale, 
has been quite instrumental in realizing a plethora of quantum structures (Xia et al. 2003; 
Liang et  al. 2019; Wu et  al. 2021; Li et  al. 2021). These quantum structures are crucial 
since they confine charge carriers to regions in the nanometer scale, giving rise to quantum 
effects. It is from these quantum effects that many applications spring forth, for example in 
laser technology (Marko et al. 2016), optoelectronics (Ghetmiri et al. 2017), food technol-
ogy (Pathakoti et al. 2017), energy storage (Reddy et al. 2012), and so forth. The immense 
potential of quantum structures has fueled a lot of research on these structures. Linear and 
nonlinear optical properties of quantum dots have been reported on (Chang et al. 2023). It 
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has also been established that quantum structures can facilitate second and third harmonic 
generation of electromagnetic radiation (Tshipa 2021; Chang 2023). Among these nano-
structures are quantum wells (QWs)  (Pan et  al. 2012; Wang et  al. 2018; Sammak et  al. 
2019), which are relatively easier and cheaper to fabricate. As such, there has been some 
interest in investigating properties of quantum wells (Knez et al. 2011; Chrafih et al. 2019; 
Henning et al. 2021; Zhang et al. 2011, 2019).

One of the recent fields of application of nanostructures has been in the field of quan-
tum computing. Consequently, there has been a lot of both theoretical and experimental 
research into quantum computing. Due to quantization effects, information can be encoded 
and manipulated in quantum structures. Existence and persistence of qubits in these struc-
tures are the cornerstones of quantum computing. It is, thus, crucial to shield computa-
tional space from interaction with the surrounding media, hence the effect of the environ-
ment, in the form of "quantum noise", has been explored by Berrada et  al (Berrada and 
Aldaghri 2019) while implications of the interaction of a qubit with parity deformed field 
have been reported on (Abdel-Khalek et al. 2023). As a way of fabricating nanostructures 
optimized for quantum computing, McJunkin et al proposed and fabricated a SiGe quantum 
well with undulating Ge concentration (McJunkin et al. 2022).

Another challenge is obtaining long coherence times. Quantum computations can only 
proceed as long as qubits persist. Thus, the time it takes for a qubit to decohere, coher-
ence time, has been studied extensively. Feng et al. theoretically explored the effect of a 
homogeneous magnetic field on coherence time of qubits in asymmetric Gaussian potential 
quantum wells, and showed that the coherence time increases with decreasing cyclotron 
frequency of the applied magnetic field (Feng et al. 2022). As these nanostructures may 
contain impurities, it is imperative to have a proper understanding of the effects of impuri-
ties on properties of qubits. Thus, effects of hydrogenic impurity on the evolution of a qubit 
in the presence of phonons have been studied in an asymmetric Gaussian potential quan-
tum well (Xiao et al. 2015). It was shown that the period of oscillation of the electron prob-
ability density between the ground state and the excited states decreases with increase in 
the impurity potential and the polaron radius. Lately, the effect of a hydrogenic impurity on 
the Shannon entropy (an index of uncertainty associated with events that occur with vari-
ous probabilities) of a two level qubit system in elliptical, circular and triangular quantum 
dots has been investigated (Khordad and Sedehi 2020). In the paper, it is shown that the 
geometry of the quantum dots may be used to modify coherence time.

This research is concerned with probing the properties of two level qubits formed in 
quantum wells using the semi-relativistic quantum mechanics. We describe the approach as 
semi-relativistic because this approach yields accurate values even as confinement energy 
increases, but not relativistic in the sense of the Dirac equation. This research is organized 
as follows: Sect. 2 is aimed at erecting the theoretical framework of the problem, whose 
results are discussed in Sect. 3 and the conclusions laid in Sect. 4.

2 � Theoretical framework

2.1 � Wave equations

In the spirit of Einstein (Einstein 1905), the energy of a particle (of an electron in this case) 
of effective mass m0 traveling with velocity v is given by
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where � = v∕c , c being the speed of light in vacuum and V is potential energy of the sys-
tem. The above equation can be rewritten as

Following Schrödinger, to imbue the particle with wavelike properties, we ascribe to it a 
wave function � with which Eq. (2) can be multiplied to give

which can be rewritten as

where 𝛽 = p̂∕m0c is a quantum mechanical operator equivalent of � , where p̂ = −i�∇ . 
Here, i2 = −1 and ℏ = h∕2�, h being Planck’s constant. This implies that the above equa-
tion can be cast as

which is the semi-relativistic wave equation utilized in this research.

2.2 � Wave functions

As a demonstration of Eq. (5), we shall consider an electron confined in a one dimensional 
infinite quantum well. This system can be achieved by sandwiching a semiconductor mate-
rial in a glass matrix or any other semiconductor with very large band gap, large enough to 
be considered infinite for practical purposes. The electric potential for this case is

where L is width of the quantum well. With the electric potential V given as above, Eq. (5) 
now reads

which may be written as
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where

In the direction of confinement, (Eq. 7) is solvable in terms of the sine and cosine functions

The electric potential is infinite outside the quantum well, hence the wave function must 
vanish at the walls of the QW ( �(z = 0) = �(z = L) = 0 ). Applying the boundary condi-
tion �(z = 0) = 0 we get C1 = 0 , that is

In order to satisfy the second boundary condition, the argument of the sine function must 
be integer multiple of � , that is,

where n in an integer, or, using Eq. (8)

Making the E the subject of formula in Eq. (12) gives

reminiscent of higher order Schrödinger equations energy eigen values (Carles and Moulay 
2012). Thus, for motion of the electron unimpeded in two directions with the total wave 
function

the total energy is expressible as

where kx and ky are the electron’s wave numbers in the x and y directions respectively.

2.3 � Temperature dependence of quantum well parameters

The temperature dependence of electron effective mass for the GaAs is specified by (E Iqraoun 
et al. 2021)
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where me is mass of the free electron, EΓ
g
 is the energy gap between the valence band and 

the conduction band at the Γ valley in a semiconductor and Δ0 is the spin-orbit splitting. 
For GaN and AlN, the empirical formal (Belaid et al. 2022)

has been used, where C is the energy associated with the momentum matrix element, 
whose value is given in Table  1. The temperature dependence of the band-gap Eg(T) is 
given by the empirical Varshni formula (Belaid et al. 2022)

Here, E(0) is the value of the band gap at T = 0, and � and � are parameters with values 
unique to a specific semiconductor, given in Table 1.

Temperature dependence of the dielectric constant for GaAs has been taken as 
(E Iqraoun et al. 2021)

for AlN and GaN, respectively (Belaid et al. 2022)

2.4 � Qubits

Here, we study a two-level qubit consisting of a superposition of the ground state �i⟩ and 
the excited state �f ⟩ . The superposition is expressed mathematically as

Using the time evolution of the electron quantum state in the 2 level system

(17)m0 = m0(T) = me

[
1 +

C

Eg(T)

]−1
,

(18)Eg(T) = E(0) −
�T2

T + �
.

(19)𝜀
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12.7 exp[(9.4 × 10−5)(T − 75.6)], for 0 < T < 200K

13.18 exp[(20.4 × 10−5)(T − 300)], for T > 200K

}
,

(20)�m(AlN)(T) = 8.5 exp(10−4(T − 300)),

(21)�m(GaN)(T) = 9.5 exp(10−4(T − 300)).

(22)��if ⟩ = (�i⟩ + �f ⟩)∕
√
2.

Table 1   Physical parameters of GaAs,  GaN and AlN used in these computations

1(E Iqraoun et al. 2021)
2 (Belaid et al. 2022)

Semi- conductor Δ
0
 (meV) E

Γ
g
 (meV) E(0) (meV) � (meV/K) � (K) C (meV)

GaAs 3411 75101 15191 0.54051 2041 –
GaN – – 32992 0.9092 8302 146702

AlN – – 62302 1.7992 14622 179102



	 M. Tshipa 

1 3

925  Page 6 of 14

the probability density of the electron can be expressed as

where the asterisk signifies complex conjugate and �if = (Ef − Ei)∕ℏ is the angular fre-
quency associated with transition between the ground state and the first excited state. The 
period of oscillation of the probability density of the electron between an initial state with 
energy Ei and a final state with energy Ef  can be expressed as

2.5 � Shannon entropy

Shannon entropy is a measure of the randomness or uncertainty in a random variable, 
which is indicative of the expected value of information content within a message; that is, 
the number of qubits required to encode and transmit the message without loss of informa-
tion. Its applications are wide ranged: microseismic detection (da Silva and Corso 2022), 
biomedical signal analysis (Vakkuri et  al. 2004) and econometric/financial time series 
analysis (Golan and Maasoumi 2008), to cite a few. In quantum information theory, it is 
indicative of the localization information of the probability distribution, which gives good 
description of quantum systems (Shi et al. 2017; Edet and Ikot 2021). It can also reflect the 
complexity of a time series: low entropy indicating low complexity (less randomness or 
more structure) and vice versa (Nagaraj and Balasubramanian 2017). Shannon entropy is 
evaluated according to (Khordad and Sedehi 2020)

where d� is the elemental volume corresponding to a particular coordinate system. Here, 
we have neglected the effects of the external environment which may affect quantum com-
putations, which have been dealt with elsewhere (Nagaraj and Balasubramanian 2017; Li 
2018; da  Silva and Corso 2022; Han et  al. 2022). For example, provided that signal-to-
noise ratio is not too low, noisy channels may turn out to be more suitable for a cleaner 
communication due to interference from the noisy processes (Chiribella1 and Kristjánsson 
2019).

2.6 � Transition rates

We consider an electromagnetic (EM) radiation incident on an electron confined in a 
QW. The electron in an initial state of energy Ei can absorb energy from the EM radia-
tion and transition to a final state of energy Ef  , provided the energy of the EM radiation 
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equals the energy difference between the states, ΔE = Ef − Ei . The rate at which this 
transition happens can be calculated using the Fermi Golden rule (Atić et al. 2022)

where the electron-photon interaction Hint is given by

Here, q⃗ the photon field wave vector, r⃗ the electron position vector, 𝜖 is the unitary polari-
zation vector of the radiation field and A0 is the amplitude of the vector potential. The 
amplitude of the vector potential can be written as A0 =

√
(Nqℏ)∕(2�0�w�V), where Nq is 

the number of photons in volume V of the quantum well of dielectric constant �w and �0 is 
the permittivity of free space. For light linearly polarized in the z direction incident on the 
quantum well in the x direction, q⃗ = (qx, 0, 0) and 𝜀̂ ⋅ r⃗ = z, thus, transition rates in a quan-
tum well can be evaluated as

where

for odd Δn, where Δkx = kx − k�
x
, and vanishes for even Δn, where Δn = n� − n. This gives 

the selection rules for transitions in this system. In the above, dV = dxdydz is the elemental 
volume and the identity: p = [�(Ef − Ei)r]∕(iℏ), in the Heisenberg equations of motion for 
operators (Scully and Zubairy 1997), has been used to substitute out the momentum opera-
tor in Eq. (28). Thus, for an electron wave function of the form given in Eq. (10), absorp-
tion and emission transition rates are found to be, respectively,

and

where W0 = Nqe
2(Ef − Ei)

2Lx∕(4�0�wℏ
2�) . Finally, it is helpful especially for purposes of 

computation, to replace the Dirac delta function with a Lorentzian factor according to

in which � is the linewidth of resonance. The total transition rate of the quantum system 
involves a summation of all the individual transition rates taking into account the transition 
probabilities of all the allowed transitions according to (Renk 2012)
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where fi and ff  are the Fermi-Dirac distribution functions for the initial and final states 
respectively.

3 � Results and discussions

This section is dedicated to the discussions of the theoretical calculations based on the der-
ivations in the previous section. In these computations, � = 3.3 meV has been used as the 
linewidth of the Dirac delta function (Aghoutane et al. 2019; Aydin et al. 2021; En-nadir 
et  al. 2021) and Nq = 1024m−3. The wave vector of the incident photons has been taken 
such that qxLx = 1 and Δkx ≈ 0, that is, k�

x
≈ kx. The dependence of the period of oscillation 

T0 on widths of GaAs,  GaN,  and AlN quantum wells can be viewed in Fig. 1. In the figure, 
the solid plots are for T = 77 K while the dashed plots with dots are for room temperature 
( T = 300 K). As can be seen also in Eq. (25), the period of oscillation between states is 
inversely proportional to transition energies (difference in energies of states between which 
transitions occur). Transition energies decrease with increase in width of confinement, with 
transition energies corresponding to GaAs being generally higher than those of GaN and 
AlN, those of AlN being the lowest of the three QWs considered here. Consequently, the 
period of oscillation has an almost parabolic increase in its variation of width of the quan-
tum wells, that corresponding to GaAs being the least of the three, and that corresponding 
to AlN being the longest. In quantum computing, it is desirable for the period of oscillation 
to be as short as possible to allow as many quantum processes to occur before decoherence 
of the qubit. This shows that GaAs quantum wells can be more suited for qubit manipula-
tion than those of GaN and AlN. Additionally, temperature enhances transition energies, 
hence increase in temperature decreases the period of oscillation. It is clear from the fig-
ure that temperature change has an appreciable effect on the period of oscillation of GaAs 
quantum wells than those of GaN and AlN. This shows that even though the AlN quantum 

(33)Γ
abs∕em

fi
=
∑

W
abs∕em

fi
fi(1 − ff )

Fig. 1   Period of oscillation as 
a function of width of GaAs,  
GaN  and AlN quantum wells. 
The solid plots correspond to 
temperature of T = 77 K while 
the dashed plots with dots are for 
T = 300 K 
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well qubits are not preferable on account of the long period of oscillation, they are the most 
stable against thermal fluctuations.

As already mentioned, the period of oscillation between states must be shorter than the 
lifetime of a particle in an excited state in order for a quantum computation to be possible. 
This means that quantum computations will only occur as long as superposition between 
the states exists, that is, before coherence is lost due to emission of some packet of energy 
like a photon or a phonon. As such, it becomes imperative to compare the magnitude of the 
period of oscillation between the states in superposition and the lifetime in an excited state. 
Figure 2 shows peaks of transition rates in a GaAs quantum well, as functions of width of 
the QW. The different plots have been generated for different temperatures: from 50 K to 
550 K in steps of 25 K. The upper branch corresponds to absorption while the lower cor-
responds to emission. Peaks of absorption transition rates assume high values from very 
small widths of the QW, before decreasing asymptotically with increasing QW width. At 
low temperatures, peaks of absorption transition rates remain relatively constant over a 
considerably wider range of QW width near their maxima, before decreasing, than at high 
temperatures. Peaks of emission transition rates are much lower than those of absorption, 
and increase with increasing QW width, an increase more pronounced at high tempera-
tures. These values are comparable to those in the literature. Citrin et al. obtained an exci-
tonic transition lifetime of ≈ 150 ps for a cylindrical GaAs nanowire of radius R = 100 Å 
(Citrin 1993). Using Eq. (33), for a corresponding QW of width, we get a transition rate 
of 7.6 fs−1 , corresponding to lifetimes of 131.4 ps at room temperature (300K). Bellessa 
et al. performed photoluminescence measurements and extracted an excitonic lifetime of 
350 ps for a GaAs∕AlxGa1−xAs quantum box of sides L = 400 Å at a temperature of 6 K 
(Bellessa et al. 1998). Again, with the help of Eq. (33) in conjunction with the full width at 
half maximum of � = 8 meV stipulated in the paper, we obtain intersubband transition rates 
corresponding to lifetimes of 271.5 ps. Since quantum computations require long lifetimes 
�fi, which correspond to low transition rates, Fig. 2 suggests that narrower QWs would be 
preferable for quantum computing.

The comparison of peaks of emission and absorption transition rates for quantum 
wells materials, that is, GaAs (solid lines), GaN (plots with dots) and AlN (dashed 

Fig. 2   Peaks of absorption (Abs) 
and emission (Em) transition 
rates as functions of width of a 
GaAs quantum well at the differ-
ent temperatures running from 50 
K to 550 K in steps of 25 K 
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curves), can be viewed in Fig. 3 for a constant temperature of 77 K. Absorption transi-
tion rates for GaAs are higher than those of GaN and AlN, with those for GaN being 
the least of the three. Emission transition rates for GaAs QWs are lower than those for 
GaN and AlN for narrow QWs, those for AlN being the greatest of the three. Since for 
quantum computations, it is desirable for emission transition rate to be as low as possi-
ble, it is clear that GaAs QWs are better suited to form qubits for quantum computations 
than GaN and AlN QWs, particularly for narrow QWs. A more representative picture 
is obtained from the plots of the ratio of period of oscillation ( T0 ) and the lifetime in 
an excited state ( �fi ). This can be viewed in Fig.  4, which depicts the dependence of 
the ratio ( T0∕�fi ) on width of GaAs,   GaN and AlN QWs at 77 K (solid plots) and 100 

Fig. 3   Dependence of peaks of 
absorption (Abs) and emission 
(Em) transition rates on GaAs 
(solid curves), GaN (plots with 
dots) and AlN (dashed lines) 
quantum wells at 77 K 

Fig. 4   Ratio of the period of 
oscillation between the two levels 
T
0
 to the lifetime of a particle in 

the excited state �fi, correspond-
ing to peak transition rates, as a 
function of width of GaAs,  GaN 
and AlN quantum wells at the dif-
ferent temperatures: 77 K (solid 
plots) and 100 K (dashed curves)
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K (dashed curves). It is desirable that the ratio be as small as possible ( T0∕𝜏fi << 1 ) to 
allow for as many quantum computational processes to occur before decoherence of the 
qubit. Results show that the ratio remains very low for GaAS QWs for a wider range 
of QW width than for GaN and AlN QWs. Additionally, higher temperature enhances 
this ratio, thus it would be advisable to run quantum computations in low temperature 
environments.

Figure 5 shows the evolution of Shannon entropy for a qubit in GaAs quantum wells 
of different widths: 50 Å, 75 Å and 100 Å , at 77 K. Results show that Shannon entropy of 
narrower quantum wells oscillates more rapidly through the passage of time than that of 
wider quantum wells. Thus, if it is required that the entropy should vary slowly with time 
in some system, then larger quantum wells would be preferable. However, due to the fact 
that the period of oscillation between the states is longer for wide quantum wells, it would 
be preferable to use narrower quantum wells as a medium for quantum computations. A 
consequence of using narrower quantum wells to provide computational space is that then 
the Shannon entropy will oscillate more rapidly with time.

Fig. 5   Evolution of Shannon entropy of a GaAs quantum well qubit for three well widths: L = 50 Å L = 75 
Å and L = 100 Å for T = 77 K 

Fig. 6   Evolution of Shannon entropy of L = 50 Å wide GaAs,   GaN,   and AlN quantum well qubits at 
T = 77 K (solid curves) and T = 300 K (dashed plots with dots)
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Figure 6 shows the evolution of the Shannon entropy of qubits in GaAs,  GaN and AlN 
quantum wells at 77 K (solid plots) and at 300 K (dashed plots with dots). Results show 
that entropy of GaAs quantum well qubits oscillates more rapidly than those of GaN and 
AlN quantum wells of the same width. Thus, if a system requires entropy to vary slowly 
over time, then GaN and AlN QWs may be used. However, despite the fact that GaAs QWs 
experience rapid oscillation of the Shannon entropy, they are still preferable to GaN and 
AlN QWs as they decohere slower than both.

4 � Conclusion

Shannon entropy associated with qubits formed in GaAs, GaN and AlN quantum wells has 
been investigated. This was achieved by solving a semi-relativistic wave equation within the 
effective mass approximation. Results indicate that Shannon entropy varies fastest in GaAs 
quantum wells, while it varies slowest in AlN quantum wells. Additionally, Shannon entropy 
of narrow quantum wells varies faster than those of wider quantum wells over time, for the 
quantum wells considered here. The other relevant quantities that were studied were period 
of oscillation of the qubit and transition rates. Of the quantum wells studied here, GaAs has 
the shortest period of oscillation, while AlN has the longest. Transition rates are indicative 
of the lifetime of an electron in an excited state. For quantum computations to be possible, 
this lifetime must be much greater than the period of oscillation. It turns out that GaAs quan-
tum wells have the smallest ratio of period of oscillation to the lifetime, followed by GaN and 
AlN quantum wells respectively. Additionally, temperature raises this ratio, which implies high 
temperatures are detrimental to quantum computing.
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