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Abstract. Polynomials and exponential polynomials play a fundamental
role in the theory of spectral analysis and spectral synthesis on commu-
tative groups. Recently several new results have been published in this
field ([2], [3], [4], [6]). Spectral analysis and spectral synthesis has been
studied on some types of commutative hypergroups, as well. However,
a satisfactory definition of exponential monomials on general commu-
tative hypergroups has not been available so far. In [5], [7], [8] and [9]
the authors use a special concept on polynomial and Sturm—Liouville-
hypergroups. Here we give a general definition, which covers the known
special cases.
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In this paper C denotes the set of complex numbers. By a hypergroup
we mean a locally compact hypergroup. If K is a commutative hypergroup,
then C(K) denotes the locally convex topological vector space of all contin-
uous complex valued functions defined on K, equipped with the pointwise
operations and the topology of uniform convergence on compact sets. The
involution on K induces an involution on C(K) in the following manner: if

the involution on K is denoted by ™, then we define f(x) = f(Z) for each f
in C(K) and z in K.

The dual of C(K) can be identified with M (K), the space of all com-
pactly supported complex measures on K, and the pairing between C(K) and
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M (K) is given by the formula
(s f) = ff dp.

Convolution on M (K) is, as usually, defined by

wxv(z) = JM(ZC *y) dv(y)

for any p,v in M (K) and « in K. Convolution converts the linear space
M (K) into a commutative algebra with unit d., e being the identity in K.

We also define convolution of measures in M. (K) with arbitrary func-
tions in C(K) by the same formula

we flz) = fﬂx « 1) dpy)

for each p in M (K), f in C(K) and z in K. The linear operators f — p = f
on C(K) are called convolution operators.

Translation with the element y in K is the operator mapping the func-
tion f in C(K) onto its translate 7, f defined by 7, f(x) = f(x % y) for any x
in K. Clearly, 7, is a convolution operator, namely, it is the convolution with
the measure ¢;. A subset of C(K) is called translation invariant, if it con-
tains all translates of its elements. A closed linear subspace of C(K) is called
a variety on K, if it is translation invariant. For each function f the smallest
variety containing f is called the variety generated by f and is denoted by
7(f). Tt is the intersection of all varieties containing f.

For basic knowledge on hypergroups the reader is referred to [1], [8].

A basic function class is formed by the joint eigenfunctions of all trans-
lation operators, that is, by those nonzero continuous functions ¢ : K — C
satisfying
(1) Ty =m(y) - ¢
with some m : K — C, that is
2) oz xy) = m(y)p(z)
for all z,y in K. It follows

e(y) = () -m(y),
which implies p(e) # 0, consequently, by (2), we have
3) m(z *y) = m(x)m(y)

for all ,y in K. Nonzero continuous functions m : K — C satisfying (3) for
each z,y in K are called exponentials. Clearly, every exponential generates
a one dimensional variety, and conversely, every one dimensional variety is
generated by an exponential.



Exponential polynomials on commutative hypergroups 3

Using translations one introduces difference operators A, = 7, — 7. and
3 3 — n
higher order difference operators Ay, 4, ..., = 7 Ay, foreach yi,y2...,yn
in K. Obviously, Ay, y,,....y, 1S a convolution operator, namely

n

AylvaV'*vynf = H?zl((szji - 66) x f

where II is meant as a convolution product.

Difference operators, in particular, higher order difference operators are
related to another important function classes on commutative topological
groups. We intend to consider these classes on commutative hypergroups as
well. A continuous function f : K — C is called a generalized polynomial, if
there is a natural number n such that

(4) Ay17y27~--711n+1f =0

holds for each y1,ys, ..., yn+1 in K. In this case we say that f is of degree at
most n and the degree of f is the smallest n for which f is of degree at most n.

A continuous homomorphism of K in the additive group of complex
numbers is called an additive function. Clearly, every nonzero additive func-
tion is a generalized polynomial of degree 1.

A generalized polynomial is called simply a polynomial if it generates
a finite dimensional variety. It is known that if G is a commutative topo-
logical group, then a complex valued function on G is a polynomial if and
only if it is a polynomial of additive functions. In other words, polynomi-
als on commutative groups are exactly the elements of the complex function
algebra generated by the constants and the additive functions and they are
characterized in the class of generalized polynomials by the property gener-
ating a finite dimensional variety. Hence it seems to be reasonable to use this
property for their definition on commutative hypergroups.

We shall also use modified difference operators defined as follows: given
an exponential m, a continuous function f and an element y in K, then we
let

Am;yf(x) = f(z +y) —m(y) f(x)
for each x in K. The iterates are defined for any positive integer n and for
each y1,92,...,y, in K by

Amwl,ym--.,yn = H?:lAmWi :
Obviously, these operators are also convolution operators, namely
Armiyr iz | = 021 (65, — m(yi) Oe) = f
holds. On the right hand side II is meant as a convolution. In particular, for

m = 1 we have Al;y17y27...,yn = Ayl,y21-~7yn'

Modified difference operators are related to another basic function class
on commutative topological groups. Namely, a continuous function is called
an exponential monomial, if it is the product of a polynomial and an expo-
nential. Linear combinations of exponential monomials are called exponential
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polynomials. Further, a continuous complex valued function f is called a
generalized exponential monomial, if it is the product of a generalized poly-
nomial and an exponential, and linear combinations of generalized monomials
are called generalized exponential polynomials. Unfortunately, these concepts
cannot be used in this form in the hypergroup-situation. The reason is that
pointwise multiplication of function values is in general not compatible with
the linear character of the convolution defined on hypergroups. In particular,
the pointwise product of two exponentials is not necessarily an exponential
and the product of two additive functions is in general not biadditive. Never-
theless, for general purposes it would be desirable to introduce a reasonable
concept of exponential monomial on commutative hypergroups. We made
some attempts in doing this on particular hypergroups, like polynomial and
Sturm—Liouville hypergroups (see [5], [7], [8]). The point of this paper is to
offer a general definition, which seems to work on arbitrary locally compact
commutative hypergroups and which reduces to the usual concept on com-
mutative topological groups.

Let K be a commutative hypergroup. Then the continuous function
p: K — C is called generalized exponential monomial, if there exists an ex-
ponential m on K and a natural number n such that

(5) Amiys ooy P(2) = 0

holds for each y1,y2,...,yn+1 in K. The smallest n with this property is
called the degree of ¢. If (5) holds, then we say that the generalized expo-
nential monomial ¢ corresponds to the exponential m. We note that we do
not claim or require that m is unique. A generalized exponential monomial
is called simply an exponential monomial, if it generates a finite dimensional
variety. A linear combination of generalized exponential monomials, or expo-
nential monomials is called generalized exponential polynomial, or exponential
polynomial, respectively.

By our above remark, every generalized polynomial is a generalized
exponential monomial, and every polynomial is an exponential monomial
corresponding to the exponential identically 1. Every exponential is an expo-
nential monomial of degree 0 and every additive function is an exponential
polynomial of degree 1. The following theorem shows that this concept of
exponential monomials and generalized exponential monomials is compatible
with the corresponding concept in the group-case.

Theorem 1. Let K be a commutative hypergroup, which is a group. The con-
tinuous function ¢ : K — C is a generalized exponential monomial in the
hypergroup-sense if and only if it is a generalized exponential monomial in
the group-sense. In particular, the continuous function ¢ : K — C is an ex-
ponential monomial in the hypergroup-sense if and only if it is an exponential
monomial in the group-sense.

Proof. We write = as + in K. Suppose that ¢ : K — C is continuous and
satisfies (5) with some exponential m : K — C for all y1,y2,...,Yn+1 in K.
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It is easy to check that it follows
(6)

m(‘x tyitye+--t yn+1)Ay1,y2,~-7yn+1 ((p : ﬁz)(m) = Am;y17y27---1yn+1 @(x) =0

for each z,y1,v2, ..., yn+1 in K. As m is never zero, this implies
) ) ) ) + )

Ay17yz,~~7yn+1 (p-m)(x) =0

for each x,y1,v2,...,Yns1 in K, hence @ -m is a generalized polynomial and
our statement follows.

The converse statement follows similarly. Indeed, if ¢ is a generalized
exponential monomial of the form ¢ = pm with a generalized polynomial p
and an exponential m, then the function ¢ - m is a generalized polynomial
satisfying (4), which is, by (6), equivalent to (5). The theorem is proved. o

As an application of this concept we prove a simple result.

Theorem 2. Let K be a commutative hypergroup and (pn)nen @ generalized
moment function sequence. Then p, is an exponential monomsial of degree at
most n corresponding to the exponential pq for each n.

Proof. By definition the sequence satisfies

n( % y) Zsok )n—k(y)

for each z,y in K (n=0,1,...). We prove the statement by induction on n
and it is obvious for n = 0. Clearly m = g is an exponential. Suppose that
n = 1 and we have proved our statement for kK < n — 1. Now we prove it for
k =mn. Let y1,y2,...,yn+1 be arbitrary in K. We have

Am;ymn ,,,,, Ynt1l on(z) = Am;yuyz ----- Yn [Sﬁn(x * Yns1) — m(ynﬂ)%(w)] =

N (n
Ay ya,..ciyn [Z (k) ‘Pk(z)@n—k(ynﬂ)] = M(Yn+1) Amiys oy P (T) =
k=0

Amwl,yz,.u,yn%"n(@ M (Ynt1) — m(ynJrl)Am;yl,ymm,ynH@n(x) =0,

which proves our statement. o

We prove our main results, which show that this concept is a generaliza-
tion of the one has been used in [5, 7, 8, 9]. We recall that given a commutative
hypergroup K and a positive integer n the function ® : K x C" — C is called
an exponential family (see e.g. [8]), if

1. for each x in K the function A — ®(x, \) is C* on C™;

2. for each X in C" the function  — ®(x, \) is an exponential on K;

3. for each exponential m on K there is a A in C™ for which m(z) = ®(z, \)
holds, whenever z is in K.
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Lemma 3. Let K be a commutative hypergroup, ® : K x C"™ — C an exponen-
tial family for K, N a natural number, A a complex number and P : C" — C
a polynomial of degree N. Then the function ¢ : x — P(3x)®(x,\) is an
exponential monomial of degree at most N corresponding to the exponential
m:x— Oz, N).

Proof. We have to show that

Am;’yl Y2, YN 41 @(I) =0

holds for each y1,ys2,...,yn+1 in K. Obviously it is enough to prove the
statement for polynomials of the form P(§) = £%, where « is a multi-index in
N™ and €* = £71&£5% -+ - --£9n. We prove by induction on || and the statement
is obviously true for |a| = 0. We have for each z,y in K

(7) aa5e o o (B, ) - By, ) = 3 (‘“) S50 (2, )= D (y, A) =

B<a

3 (§) e 0 0 + o).
B<a

With the notation [ = |a] it follows from (7)
Am??/lvy%---7yl+la§q)(x? )‘) = Am;y17y27~-»yl [Am;yzﬂ(}g@(l‘v )‘)] =
Ay vz, [6‘;\‘@(53 # Y1, A) — X P(yi41, ) ®(z, A)] =

Boigaeanl 3 ()20 0 B2, )] =

B<a

« o—
Z (B) [Am;y17y2,-~7yz af(p(xa /\)]a)\ B(I)(yl-Flv /\) = 07

B<a

by assumption, as for each 8 < a the function x +— Gf ®(x,\) is an exponen-
tial monomial of degree at most || — 1 < [. This means that the function
x — P(0\)®(z, A) is a generalized exponential monomial of degree at most I
and equation (7) implies that it generates a finite dimensional variety, hence
it is actually an exponential monomial. =

We can formulate the following consequences.

Corollary 4. Let K be a polynomial hypergroup generated by the sequence of
polynomials (P,)nen. Then for each complex number A and natural number

k the functions n — Pr(Lk)()\) are exponential monomials of degree at most k
on K.

Proof. The statement follows from Theorem 3, as (n,\) — P,(}) is an ex-
ponential family on K, by Theorem 2.2., p. 40. in [8]. D

In the following statement we use the notation Ry for the set of all
nonnegative real numbers.
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Corollary 5. Let K = (Rg, A) be a Sturm—Liouville hypergroup corresponding
to the Sturm—Liouville function A : Ry — R, further for each complex number
Alet @ : Ry x C — C be the unique solution of the initial value problem

2 "o
(8) %@(% )+ jjl((x)) %(I)(x, A) = A®(z,\) for x>0,
(9) ®(0,\) = 1,
(10) %@(0, A) = 0.

Then for every complex number \ and for each natural number k the functions
k
x — dd7<1>(x7 A) are exponential monomials of degree at most k on K.

Proof. The statement follows from Theorem 3, as (z,\) — ®(x,A) is an
exponential family on K, by Theorem 4.2., p. 62. in [8]. O

References

[1] W. R. Bloom and H. Heyer, Harmonic analysis of probability measures on hy-
pergroups, de Gruyter Studies in Mathematics, vol. 20, Walter de Gruyter &
Co., Berlin, 1995.

[2] M. Laczkovich and G. Székelyhidi, Harmonic analysis on discrete Abelian
groups, Proc. Amer. Math. Soc. 133(6)(2005), 1581-1586.

[3] M. Laczkovich and L. Székelyhidi, Spectral synthesis on discrete Abelian groups,
Math. Proc. Camb. Phil. Soc. 143(1)(2007), 103-120.

[4] L. Székelyhidi, Convolution type functional equations on topological Abelian
groups, World Scientific Publishing Co. Pte. Ltd., Singapore, New Jersey, Lon-
don, Hong Kong, 1991.

[5] L. Székelyhidi, Spectral analysis and spectral synthesis on polynomial hyper-
groups, Monatsh. Math. 141 (2004), no. 1, 33-43.

[6] L. Székelyhidi, Discrete Spectral Synthesis and Its Applications, Springer Mono-
graphs in Mathematics, Springer, Dordrecht, The Netherlands, 2006.

[7] L. Székelyhidi, Spectral synthesis on multivariate polynomial hypergroups, Mo-
natsh. Math. 153 (2008), no. 2, 145-152.

[8] L. Székelyhidi, Functional Equations on Hypergroups, World Scientific Publish-
ing Co. Pte. Ltd., Singapore, New Jersey, London, Hong Kong, 2012.

[9] L. Vajday, Ezponential monomials on Sturm-Liouville hypergroups, Banach J.
Math. Anal. 4 (2010), no. 2, 139-146.

Lészlé Székelyhidi

Institute of Mathematics, University of Debrecen
Department of Mathematics, University of Botswana
Egyetem tér 1.

P.O. Box 12

H 4010 Debrecen

Hungary

e-mail: 1szekelyhidi@gmail.com



