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Abstract

We study the equivalence property of the I- and 11-A-Radon-Nikodym
property (resp. I- and IlI-A-complete continuity property) types of
Banach spaces. As a by-product, we obtain a proof of the following: F.
Lust-Picard’s conjecture [9]: a subset A of a discrete abelian group is a
Rosenthal set if and only if CA(G) 2 ¢p.

1. Introduction and Preliminaries

Applications of the geometry of Banach spaces to the study of subsets of
a discrete abelian group have been of particular interest for many authors
[3-7, 9-11]. In [3], Dowling introduced and studied the I-, IlI-A-Radon-
Nikodym property types where A is a subset of a countable discrete abelian
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group. Corresponding properties were also introduced and studied in [11] for
the complete continuity types. Although many interesting partial results have
been obtained, it is still unknown if these property types are equivalent, even
if A is a Riesz set. For the case where A is a Sidon subset of an abelian
discrete group, it is well known fact that all these property types are
equivalent to the noncontainment of isomorphic copies of cp. In the second

section, we extend such a result to a larger class of subsets A which has the
Godefroy-Lust-Picard lifting property. As a direct application, we obtain a
proof of a result conjectured by Lust-Picard [9] which says that A is a
Rosenthal set if and only if C, contains no isomorphic copies of cj.

For the case of the group of the integers 7Z, it is also a well known fact
that the type I-N-RNP type and the 11-N-RNP type are equivalent properties
for Banach spaces. The first proof of such an equivalence can be inferred
from the result of Bukhvalov and Danielevich in [1]. The result in [10]
significantly improves such a result to the more general case of discrete
ordered groups. Namely, the types | and I1-A-Radon-Nikodym property of
Banach spaces are equivalent Banach space properties whenever A is an
ordering set. And the results also applies to the I- and II-A-complete
continuity properties. In the third section of this paper, we discuss some
equivalence properties when either A contains or is contained in an ordering
set.

Our notation and terminology are quite standard. Throughout this note, G
will denote a compact connected metrizable abelian group, B(G) is the
o-field of Borel subsets of G, and ¢ is the normalized Haar measure on G.

The dual group of G is a discrete group and will be denoted by G. Fora
Banach space X, a measure p:B(G)— X is said to be of bounded
variation if the quantity

uA),

(A)

Aen

| wly = sup

is finite, where the supremum is taken over all finite partitions = consisting of
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Borel subsets of G; the measure p is said to be of bounded average range if

(A |
(A

Iwl, = sup
AeB(G)

is definite as a finite number. We denote by MY(G, X) (resp. M (G, X))

the Banach space of all X-valued countably additive measures on G that are
of bounded variation (resp. of bounded average range). The subspace of

/\/ll(G, X) consisting of measures that are ¢ -absolutely continuous will
be denoted by M%(G, X). The notation LP(G, X) (1< p <o) (resp.

L™(G, X)) denotes the usual Banach space of all (classes of) ¢-Bochner

p-integrable (resp. essentially bounded) functions on G with values in the
Banach space X. The space of all X-valued continuous functions will be

denoted by C(G, X). The Fourier coefficient of a function f e L}(G, X)

(resp. p € MY(G, X)) is the element of X given for each y € G by
= [ 101080 [re. i) = [ 70000

Forevery A = G and any subspace S(G, X) of MY(G, X), the subset
{uneS@G, X):u(y)=0fory g A}
will be denoted by S (G, X). Itis easily verified that L} (G, X) is a closed
subspace of LP(G, X). If X =C, then S, (G, X) will be simply denoted
by SA(G).
A subset A = G is said to be a Riesz set if MG, X) =L} (G); itis
said to be Rosenthal if L} (G) = CA(G); it is said to be a Sidon set if

C(G) = F4(A). Note that Sidon sets are Rosenthal sets, and Rosenthal sets
are Riesz sets.

A vector measure p (in MY(G, X)) is said to be Bochner differentiable

if there exists a function g e LY(G, X) such that u(A):IAgdf for every
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A e B(G). We identify the subspace of MG, X) (resp. M™(G, X))
consisting of differentiable measures to the function space Ll(G, X)
(resp. L7(G, X)).

The following properties were first introduced by Edgar [5] and Dowling
3]

Definition 1. Let G be a compact metrizable abelian group, let A — G,
and let X be a Banach space X. Then X is said to have type:

(1) I1-A-Radon-Nikodym property (I-A-RNP) if M} (G, X) < Ll(G, X);

(2) 11-A-Radon-Nikodym property (lI-A-RNP) if Mg,A(G, X)c
LYG, X).

A vector measure p (in Ml(G, X)) is said to have relatively compact

range if the closure of the set {u(A): A € B(G)} is compact. The following
properties were introduced in [11].

Definition 2. Let G be a compact metrizable abelian group, let A G,
and let X be a Banach space X. Then X is said to have type:

(1) I-A-complete continuity property (I-A-CCP) if MY (G, X)
K(G, X);

(2) H-A-complete continuity property (II-A-CCP) if M%\(G, X)c
K(G, X).

One notices that of the types I-, 11-G -RNP coincide with the usual

Radon-Nikodym property (RNP) while all of the types I-, -G -CCP
coincide with the usual complete continuity property (CCP). The following
implications are immediate from the definitions:

RNP = II-A—-RNP = I—-A—-RNP

4 4 4
CCP = II-A-CCP = I-A-CCP
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For a Sidon set A, we have

IIT—-A—RNP < I—-A—-RNP
T
II-A—CCP & I-A-CCP & P (L.1)
where the symbol » ¢y means noncontainment of isomorphic copies of cg.

For details on the above facts, we refer the readers to [1, 3, 5] and [11].

2. Equivalence Properties and Noncontainment of Isomorphic
Copies of ¢,

Our first result extends diagram (1.1) to a more general class of subsets A
of G. A subset A of G is said to have the Godefroy-Lust-Picard’s lifting
property (p) [6] or a GLP set for short if there exists p e Ly (G) such that
A is Borel on (L}"(G), weak™), and p(f)= f(0) for every f e C,(G).
Such a subset is necessary a Riesz set [6]. We note that Rosenthal sets, and in

particular Sidon sets are GLP sets. However, Li [8] showed the existence of
subset A c Z, which is a GLP set but fails to be Rosenthal.

Theorem 3. Let G be a compact metrizable abelian group, and let A be
a GLP subset of G. Then

Il —-A—RNP < I—-A—RNP

0
II-A—~CCP & I-A-CCP & P

Proof. We only need to show that if a Banach space X contains no copy
of cp, then it has type I1-A-RNP. Suppose that A is a GLP set and that the

Banach space X contains no isomorphic copies of cy. Let p e M%\(G, X).

For each x* € X, the mapping
T LY (G) —» LA (G), Tx*u(f) = f*x"py,

is weak” to weak” -continuous. A result of Christensen [2] ensures the
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existence of a function g, € Ll(G) such that
* _ * _
p(f *x'n)=f *xu(0) = J.G fg dl

for every fin L} (G). Foreach o e G, we define p(u)(®) to be the element

in X™* such that
(X", p() (@) = g+ (o).
We then consider the X ** -valued measure defined by

v(A) = [ 16 (@)p() (@)dt(o),

for each A e B(G). We notice that for each A e B(G), and for each

x* e X*,
0w = (¢ [ a0l ©)010)
= [ L 1a@) ('p() (@) d1(o)
= -[G 1p(o)g e (—0)d/(o).

Clearly, the mapping x* > (x*, v(-)) from X* — C(G)" is weak” to

weak ™ -continuous. Therefore, we can define an operator S : C(G) - X by
*
x*Sf = j o (@0, (-0)dl(o)

for each f e C(G), and for each x* € X*. By our hypothesis, the Banach
space X contains no isomorphic copies of ¢y, thus the operator S is weakly

compact and the measure v actually takes all its values in X.
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On the other hand, we have for each y e G, and for each x* e X*,
X"(y) = v * x"1(0) = ply * x'n)
= [, 10)g 4 (0)dr(w) = (1), ).

We conclude that p = v and that (3—’; = p(n), i.e.,, X has lI-A-RNP. The
proof is complete. O

Remark. F. Lust-Picard conjectured that a subset A is Rosenthal as soon
as C5(G) 2 cg.- On the other hand, Li [7] asked whether or not C,(G)
2 Cp is equivalent to A being a GLP set. In [8], Li gave a proof of the Lust-

Picard conjecture under the extra condition, namely, that C,(G) have

unconditional metric approximation property. Theorem 3 can be used to
settle all of these questions.

Proposition 4. If A is a non-Rosenthal GLP set, then C,(G) must

contain an isomorphic copy of cg.

Proof. Let A be a non-Rosenthal GLP set, and assume to the contrary
that Co(G) 2 cy. Then Theorem 3 implies that C,(G) must have

I — A — RNP. It follows from [3, Proposition 5] that A is a Rosenthal set.
Contradiction! O

This proposition shows that F. Lust-Picard’s conjecture is now proved as
a theorem.

Theorem 5. A subset A of the dual group of a metrizable abelian group
is a Rosenthal set if and only if C,(G) 2 cq.

The results of the above Theorem 3 can be slightly improved. We recall
that a subset A of G is said to be a Riesz set of type O if Mp(G)'|p =
LY(G)" |, where Mg(G) = {u e M(G): fi  co(G)}. Suppose that Ag is a
GLP set; and A is a subset of G that is Riesz of type 0, and that the Banach
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space X contains no isomorphic copies of cy. Let p e M%\UAO (G, X). For

each x“ e X", let h . e L}(G) be such that (x*n)(y) = ﬁx* (y) for every

y € A. Then the measure X'p — hx* -l e M%\O (G). Applying the same

arguments as in the proof of the previous theorem to the mapping

we obtain
Theorem 6. Let G be a compact metrizable abelian group, and let A
be a GLP subset of G and A be a Riesz subset of G of type 0. Then:

II—AUANy—RNP & I—-—AUA)—RNP

) T
II—-AUA—-CCP & T—-—AUA-CCP & 200.

3. More Equivalence Properties

In [10], it is shown that if A is an ordering subset of é, that is, if A
satisfies A + A = A, AN (=A) = {0}, and AU (- A) = G, then we have

Il —-A—-RNP & I—-A—-RNP

4 4
IT-A-CCP & I-A-CCP.

In fact, the proofs of such results can actually be used to prove the
following:

Theorem 7. Let G be a compact connected metrizable abelian group and
let A be a subset of the dual group G that contains an ordering subset Ag

of é. Then

Il —A—RNP < I—-A—-RNP

U 4
Il —-A-CCP & I-A-CCP

For the proof, we denote by IT the set of all trigonometric polynomials P
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on G of the form P = Zin:layiyi, where y; € Ag. Let we LY(G), and
w > 0. Then consider the closure K of the set {L+ P : P e I1} in the Hilbert

space LZ(G, wd/). Since K is convex, there is a unique ¢ € K such that

lollzG, wary = I0F 12+ P26, wary:

The following lemma is needed the proof of which can be inferred from
[12, p. 199].

Lemma 8. In the above situation, ¢ has the following properties:

(1) ow e L2(G) and |@|?w = | ¢ [l12(G, war)! -almost everywhere;

A
@ if | @ l.2(G,wary > O then 1/e e L4 and 1/¢(0) = 1.

The arguments in the proof of Theorem 7 are essentially the same as in
the proof of [10, Theorems 1 and 2].

Proof. Assume first that X is a Banach space with the type I-A-RNP, and
ne M}\O (G, X). Let ¢ be the unique function of Lemma 8 associated to

diu|
dr

every A € B(G), we have

the function w = . Now consider the measure dv = (pzd},t. Then, for

Aly = 2du| < 2d
vl = | [ o] <[, lofdln

2 _
<[ loPwde =[olizg, AR

That is, the measure v e M™(G, X). We claim that v vanishes outside A.

To see this, we first prove that the measure o defined by ¢du is such

that 6(y) = 0 if y ¢ A. Fix a sequence (P,) in o such that

I j _@+P)Pdlu|=0.
dim | o=@+ Py)["dlu]
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Now, for each y € G, we have by the Cauchy-Schwarz inequality
J866) - (@ A () = | [ o - 70 o)l

SfGltp—(1+ P [d] 1|

12

<[ul@H [ o~ @+ RPdlul|
G
This inequality holds for all n, therefore,
o(y) = lim (L + Py)du)*(v).
N—o0

Since (1+ P,)du € M4 (G, X) forall n e N, we have o € M4 (G, X).

Repeating the same argument, we have for each y e G,

I v(y) = (@ + Py)odu) (v) |

| tro? - 7+ Pyolon |
<[ lo® - @+Roldnl

= [ lello-@+Ryldu|

2 vz
LIS | ESCEATE)

Hence, we also obtain
v(y) = lim (L + Py)edu) (7).
Nn—oo

Since o@du € M}\(G, X), the measure (1+ P,)edu e M}\(G, X) for all

ne N, wehave v e M}\(G, X). This proves our claim.
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Hence v e M} (G, X), and therefore av exists in L}(G, X) and we

d/
have for each A € B(G),

1 2 1 1 dv
A)=| =Sodu=| —dv=| —=—d.

n(A) JA@Z@ 1 IA(pZ v sz 0
. - . dup 1 dv
This shows that the measure p is differentiable and —— = — —.
d¢ 0> ds

Assume now that X has the type I-A-CCP, and let p e M%yA(G, X).
We wish to show that A has relatively compact range. It is enough to show
that the operator T : L”(G) — X defined by T(f)= IG fdu is compact.

By our above claim dv = @2du belongs to MR (G, X). Thus, by our
hypothesis on X, the operator S : Ll(G) — X defined by Sf = _[G fdv is
completely continuous.

Now let (f,) be bounded in L*(G). By passing to a subsequence if
necessary, we can assume that the sequence (f,,) converges weak” to some

function f e L™(G). It then follows that the sequence ((f, — f)(p_z) is

weakly null in L}(G), and hence the (S((f, — f)¢~2)) is norm null in the
Banach space X. To finish the proof, we notice that

S((fn = 1)97) = [ (fa = Fo?dv = [ (fy = 1o 2pdn

= [(fa =)o 0%dn = [ (fq = F)du = T(fy - ).
This shows that T(f,, — f) is norm null in X. The proof is complete. O

We also notice the following:

Proposition 9. Let G be a compact connected metrizable abelian group

and let Ay be an ordering subset of the dual group G. If a Banach space X
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has type | — Ag — RNP (resp. | — Ag — CCP), thenithas Il — A — RNP
(resp. I = A — CCP) for any subset A of Ag.

Proof. Note that, since X has | — Ay —RNP, it has Il — Ag — RNP.
Hence, if ue M} (G, X), then ne Mf\o(G, X), and therefore, u is
Bochner differentiable (resp. u has relatively compact range). O

As a consequence of Theorem 7 and Proposition 9, we have:

Corollary 10. Let G be a compact connected metrizable abelian group

and let A be a subset of the dual group G. Then

Il —-A—-RNP & I—-A—-RNP
4 4
II-A-CCP & I-A-CCP

for Banach spaces with type | — Ag — RNP, where A is an ordering subset

of G.
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