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Abstract 

We study the equivalence property of the I- and II-Λ-Radon-Nikodým 
property (resp. I- and II-Λ-complete continuity property) types of 
Banach spaces. As a by-product, we obtain a proof of the following: F. 
Lust-Picard’s conjecture [9]: a subset Λ of a discrete abelian group is a 
Rosenthal set if and only if ( ) .0cG ⊇/ΛC  

1. Introduction and Preliminaries 

Applications of the geometry of Banach spaces to the study of subsets of 
a discrete abelian group have been of particular interest for many authors           
[3-7, 9-11]. In [3], Dowling introduced and studied the I-, II-Λ-Radon-
Nikodým property types where Λ is a subset of a countable discrete abelian 
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group. Corresponding properties were also introduced and studied in [11] for 
the complete continuity types. Although many interesting partial results have 
been obtained, it is still unknown if these property types are equivalent, even 
if Λ is a Riesz set. For the case where Λ is a Sidon subset of an abelian 
discrete group, it is well known fact that all these property types are 
equivalent to the noncontainment of isomorphic copies of .0c  In the second 

section, we extend such a result to a larger class of subsets Λ which has the 
Godefroy-Lust-Picard lifting property. As a direct application, we obtain a 
proof of a result conjectured by Lust-Picard [9] which says that Λ is a 
Rosenthal set if and only if ΛC  contains no isomorphic copies of .0c  

For the case of the group of the integers ,Z  it is also a well known fact 
that the type I-N-RNP type and the II-N-RNP type are equivalent properties 
for Banach spaces. The first proof of such an equivalence can be inferred 
from the result of Bukhvalov and Danielevich in [1]. The result in [10] 
significantly improves such a result to the more general case of discrete 
ordered groups. Namely, the types I and II-Λ-Radon-Nikodym property of 
Banach spaces are equivalent Banach space properties whenever Λ is an 
ordering set. And the results also applies to the I- and II-Λ-complete 
continuity properties. In the third section of this paper, we discuss some 
equivalence properties when either Λ contains or is contained in an ordering 
set. 

Our notation and terminology are quite standard. Throughout this note, G 
will denote a compact connected metrizable abelian group, ( )GB  is the  

σ-field of Borel subsets of G, and A  is the normalized Haar measure on G. 

The dual group of G is a discrete group and will be denoted by .Ĝ  For a 
Banach space X, a measure ( ) XG →μ B:  is said to be of bounded 

variation if the quantity 

( )
( )

1
1 1sup ∑

π∈

μ
=μ

A
AA

A
A  

is finite, where the supremum is taken over all finite partitions π consisting of 
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Borel subsets of G; the measure μ is said to be of bounded average range if 

( )

( )
( )A
A

GA A
μ

=μ
∈

∞
B

sup  

is definite as a finite number. We denote by ( )XG,1M  (resp.  ( ))XG,∞M  

the Banach space of all X-valued countably additive measures on G that are 
of bounded variation (resp. of bounded average range). The subspace of 

( )XG,1M  consisting of measures that are A -absolutely continuous will    

be denoted by ( ).,1 XGaM  The notation ( )XGLp ,  ( )∞<≤ p1  (resp.  

( ))XGL ,∞  denotes the usual Banach space of all (classes of) A -Bochner    

p-integrable (resp. essentially bounded) functions on G with values in the 
Banach space X. The space of all X-valued continuous functions will be 

denoted by ( )., XGC  The Fourier coefficient of a function ( )XGLf ,1∈  

( ( ))XG,resp. 1M∈μ  is the element of X given for each Ĝ∈γ  by 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .ˆresp.ˆ ∫ ∫ ⎟
⎠
⎞

⎜
⎝
⎛ μγ=γμγ=γ

G G
tdttdttff A  

For every Ĝ⊂Λ  and any subspace ( )XG,S  of ( ),,1 XGM  the subset 

( ) ( ){ }Λ∉γ=γμ∈μ for0ˆ:, XGS  

will be denoted by ( )., XGΛS  It is easily verified that ( )XGLp ,Λ  is a closed 

subspace of ( )., XGLp  If ,C=X  then ( )XG,ΛS  will be simply denoted 

by ( ).GΛS  

A subset Ĝ⊂Λ  is said to be a Riesz set if ( ) ( );, 11 GLXGa Λ=M  it is 

said to be Rosenthal if ( ) ( );GGL Λ
∞
Λ = C  it is said to be a Sidon set if 

( ) ( ).1 Λ≅Λ AGC  Note that Sidon sets are Rosenthal sets, and Rosenthal sets 

are Riesz sets. 

A vector measure ( ( ))XG,in 1Mμ  is said to be Bochner differentiable 

if there exists a function ( )XGLg ,1∈  such that ( ) ∫=μ
A

gdA A  for every 
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( ).GA B∈  We identify the subspace of ( )XG,1M  ( ( ))XG,resp. ∞M  

consisting of differentiable measures to the function space ( )XGL ,1  

( ( )).,resp. XGL∞  

The following properties were first introduced by Edgar [5] and Dowling 
[3]. 

Definition 1. Let G be a compact metrizable abelian group, let ,Ĝ⊂Λ  
and let X be a Banach space X. Then X is said to have type: 

(1) I-Λ-Radon-Nikodým property (I-Λ-RNP) if ( ) ( );,, 1 XGLXG ⊂∞
ΛM  

(2) II-Λ-Radon-Nikodým property (II-Λ-RNP) if ( ) ⊂Λ XGa ,1
,M  

( ).,1 XGL  

A vector measure ( ( ))XG,in 1Mμ  is said to have relatively compact 

range if the closure of the set ( ) ( ){ }GAA B∈μ :  is compact. The following 

properties were introduced in [11]. 

Definition 2. Let G be a compact metrizable abelian group, let ,Ĝ⊂Λ  
and let X be a Banach space X. Then X is said to have type: 

(1) I-Λ-complete continuity property (I-Λ-CCP) if ( ) ⊂∞
Λ XG,M  

( );, XGK  

(2) II-Λ-complete continuity property (II-Λ-CCP) if ( ) ⊂Λ XG,1M  

( )., XGK  

One notices that of the types I-, II- Ĝ -RNP coincide with the usual 

Radon-Nikodým property (RNP) while all of the types I-, II- Ĝ -CCP 
coincide with the usual complete continuity property (CCP). The following 
implications are immediate from the definitions: 

 



Equivalence of RNP Types and CCP Types 53 

For a Sidon set ,Λ  we have 

  (1.1) 

where the symbol 0c⊇/  means noncontainment of isomorphic copies of .0c  

For details on the above facts, we refer the readers to [1, 3, 5] and [11]. 

2. Equivalence Properties and Noncontainment of Isomorphic 
Copies of 0c  

Our first result extends diagram (1.1) to a more general class of subsets Λ 

of .Ĝ  A subset Λ of Ĝ  is said to have the Godefroy-Lust-Picard’s lifting 

property ( )ρ  [6] or a GLP set for short if there exists ( )GL ∗∞
Λ∈ρ  such that 

Λ is Borel on ( ( ) ),, ∗∗∞
Λ weakGL  and ( ) ( )0ff =ρ  for every ( ).Gf Λ∈ C  

Such a subset is necessary a Riesz set [6]. We note that Rosenthal sets, and in 
particular Sidon sets are GLP sets. However, Li [8] showed the existence of 
subset ,Z⊂Λ  which is a GLP set but fails to be Rosenthal. 

Theorem 3. Let G be a compact metrizable abelian group, and let Λ be 

a GLP subset of .Ĝ  Then 

 

Proof. We only need to show that if a Banach space X contains no copy 
of ,0c  then it has type II-Λ-RNP. Suppose that Λ is a GLP set and that the 

Banach space X contains no isomorphic copies of .0c  Let ( ).,1 XGΛ∈μ M  

For each ,∗∗ ∈ Xx  the mapping 

( ) ( ) ( ) ,,: μ∗=→ ∗
μ

∞
Λ

∞
Λμ ∗∗ xffTGLGLT xx  

is ∗weak  to ∗weak -continuous. A result of Christensen [2] ensures the 
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existence of a function ( )GLg
x

1∈∗  such that 

( ) ( ) ∫ ∗=μ∗=μ∗ρ ∗∗
G x dfgxfxf A0  

for every f in ( ).GL∞Λ  For each ,G∈ω  we define ( ) ( )ωμρ  to be the element 

in ∗∗X  such that 

( ) ( ) ( )., ω−=ωμρ ∗
∗

xgx  

We then consider the ∗∗X -valued measure defined by 

( ) ( ) ( ) ( ) ( )∫ ωωμρω=ν
G G dA ,1 A  

for each ( ).GA B∈  We notice that for each ( ),GA B∈  and for each 

,∗∗ ∈ Xx  

( ) ( ) ( ) ( ) ( )∫ ωωμρω=ν ∗∗
G A dxAx A1,,  

( ) ( ) ( ) ( )∫ ωωμρω= ∗
G A dx A1  

( ) ( ) ( )∫ ωω−ω= ∗
G xA dg .1 A  

Clearly, the mapping ( )⋅ν∗∗ ,xx 6  from ( )∗∗ → GX C  is ∗weak  to 
∗weak -continuous. Therefore, we can define an operator ( ) XGS →C:  by 

( ) ( ) ( )∫ ωω−ω= ∗
∗

G x dgfSfx A  

for each ( ),Gf C∈  and for each .∗∗ ∈ Xx  By our hypothesis, the Banach 

space X contains no isomorphic copies of ,0c  thus the operator S is weakly 

compact and the measure ν actually takes all its values in X. 
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On the other hand, we have for each ,Ĝ∈γ  and for each ,∗∗ ∈ Xx  

( ) ( ) ( )μ∗γρ=μ∗γ=γμ ∗∗∗ xxx 0ˆ  

 ( ) ( ) ( ) ( )∫ ∗γν=ωω−ωγ= ∗
G x

xdg .,ˆA  

We conclude that ν=μ  and that ( ),μρ=μ
Ad

d  i.e., X has II-Λ-RNP. The 

proof is complete. ~ 

Remark. F. Lust-Picard conjectured that a subset Λ is Rosenthal as soon 
as ( ) .0cG ⊇/ΛC  On the other hand, Li [7] asked whether or not ( )GΛC  

0c⊇/  is equivalent to Λ being a GLP set. In [8], Li gave a proof of the Lust-

Picard conjecture under the extra condition, namely, that ( )GΛC  have 

unconditional metric approximation property. Theorem 3 can be used to 
settle all of these questions. 

Proposition 4. If Λ is a non-Rosenthal GLP set, then ( )GΛC  must 

contain an isomorphic copy of .0c  

Proof. Let Λ be a non-Rosenthal GLP set, and assume to the contrary 
that ( ) .0cG ⊇/ΛC  Then Theorem 3 implies that ( )GΛC  must have 

.RNPI −Λ−  It follows from [3, Proposition 5] that Λ is a Rosenthal set. 
Contradiction! ~ 

This proposition shows that F. Lust-Picard’s conjecture is now proved as 
a theorem. 

Theorem 5. A subset Λ of the dual group of a metrizable abelian group 
is a Rosenthal set if and only if ( ) .0cG ⊇/ΛC  

The results of the above Theorem 3 can be slightly improved. We recall 

that a subset Λ of Ĝ  is said to be a Riesz set of type 0 if ( ) ≅|Λ
∧G0M  

( ) ,1
Λ|

∧GL  where ( ) { ( ) ( )}.ˆˆ: 00 GcGG ∈μ∈μ= MM  Suppose that 0Λ  is a 

GLP set; and Λ is a subset of Ĝ  that is Riesz of type 0, and that the Banach 
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space X contains no isomorphic copies of .0c  Let ( ).,1
0

XGΛΛ∈μ ∪M  For 

each ,∗∗ ∈ Xx  let ( )GLhx
1∈∗  be such that ( ) ( ) ( )γ=γμ ∗

∧∗
xhx ˆ  for every 

.Λ∈γ  Then the measure ( ).1
0

Ghx x Λ
∗ ∈⋅−μ ∗ MA  Applying the same 

arguments as in the proof of the previous theorem to the mapping 

( ) ( ) ( ) ( ),,:
00 ∗

∗
∗

∗
∗ −μ∗=→ ∗

⋅−μ
∞
Λ

∞
Λ⋅−μ xhxhx hxffTGLGLT

xx
AA  

we obtain 

Theorem 6. Let G be a compact metrizable abelian group, and let 0Λ  

be a GLP subset of Ĝ  and Λ be a Riesz subset of Ĝ  of type 0. Then: 

 

3. More Equivalence Properties 

In [10], it is shown that if Λ is an ordering subset of ,Ĝ  that is, if Λ 

satisfies ,Λ⊂Λ+Λ  ( ) { },0=Λ−Λ ∩  and ( ) ,Ĝ=Λ−Λ ∪  then we have 

 
In fact, the proofs of such results can actually be used to prove the 

following: 

Theorem 7. Let G be a compact connected metrizable abelian group and 

let Λ be a subset of the dual group Ĝ  that contains an ordering subset 0Λ  

of .Ĝ  Then 

 

For the proof, we denote by Π the set of all trigonometric polynomials P 
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on G of the form ∑ = γ γ= n
i ii

aP 1 ,  where .0Λ∈γi  Let ( ),1 GLw ∈  and 

.0≥w  Then consider the closure K of the set { }Π∈+ PP :1  in the Hilbert 

space ( ).,2 AwdGL  Since K is convex, there is a unique K∈ϕ  such that 

( ) ( ).1inf ,, 22 AA wdGLPwdGL P+=ϕ
Π∈

 

The following lemma is needed the proof of which can be inferred from 
[12, p. 199]. 

Lemma 8. In the above situation, ϕ has the following properties: 

(1) ( )GLw 2∈ϕ  and ( )AAwdGLw ,
2 2ϕ=ϕ -almost everywhere; 

(2) if ( ) ,0,2 >ϕ AwdGL  then 21 Λ∈ϕ L  and ( ) .101 =ϕ
∧

 

The arguments in the proof of Theorem 7 are essentially the same as in 
the proof of [10, Theorems 1 and 2]. 

Proof. Assume first that X is a Banach space with the type I-Λ-RNP, and 

( ).,1
0

XGΛ∈μ M  Let ϕ be the unique function of Lemma 8 associated to 

the function .Ad
dw μ

=  Now consider the measure .2 μϕ=ν dd  Then, for 

every ( ),GA B∈  we have 

( ) ∫∫ μϕ≤μϕ=ν
AXAX ddA 22  

( ) ( )∫ μϕ=ϕ≤
A GL Awd .,

2 2 AA  

That is, the measure ( )., XGM ∞∈ν  We claim that ν̂  vanishes outside Λ. 

To see this, we first prove that the measure σ defined by μϕd  is such 

that ( ) 0ˆ =γσ  if .Λ∉γ  Fix a sequence ( )nP  in σ such that 

( )∫ =μ+−ϕ
∞→ G nn

dP .01lim 2  
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Now, for each ,Ĝ∈γ  we have by the Cauchy-Schwarz inequality 

( ) ( )( ) ( ) ( )[ ]∫ μ+γ−ϕγ=γμ+−γσ ∧
G nn dPdP 11ˆ  

( )∫ μ+−ϕ≤
G n dP1  

( ) ( ) .1
21

221 ⎟
⎠
⎞

⎜
⎝
⎛ μ+−ϕμ≤ ∫G n dPG  

This inequality holds for all n, therefore, 

( ) ( )( ) ( ).1limˆ γμ+=γσ ∧

∞→
dPnn

 

Since ( ) ( )XGdPn ,1 1
Λ∈μ+ M  for all ,Nn ∈  we have ( ).,1 XGΛ∈σ M  

Repeating the same argument, we have for each ,Ĝ∈γ  

( ) ( )( ) ( )γμϕ+−γν ∧dPn1ˆ  

[ ( ) ]∫ μϕ+γ−ϕγ=
G n dP12  

( )∫ μϕ+−ϕ≤
G n dP12  

( )∫ μ+−ϕϕ=
G n dP1  

( ) ( ) .1
21

2
,2 ⎟

⎠
⎞

⎜
⎝
⎛ μ+−ϕϕ≤ ∫μ G nGL dP  

Hence, we also obtain 

( ) ( )( ) ( ).1limˆ γμϕ+=γν ∧

∞→
dPnn

 

Since ( ),,1 XGd Λ∈μϕ M  the measure ( ) ( )XGdPn ,1 1
Λ∈μϕ+ M  for all 

,Nn ∈  we have ( ).,1 XGΛ∈ν M  This proves our claim. 
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Hence ( ),, XG∞
Λ∈ν M  and therefore Ad

dν  exists in ( )XGL ,1  and we 

have for each ( ),GA B∈  

( ) ∫ ∫ ∫ ν

ϕ
=ν

ϕ
=μϕ

ϕ
=μ

A A A
dd

dddA .111
22

2
2 AA  

This shows that the measure μ is differentiable and .1
2 AA d

d
d
d ν

ϕ
=μ  

Assume now that X has the type I-Λ-CCP, and let ( ).,1
, XGa Λ∈μ M  

We wish to show that Λ has relatively compact range. It is enough to show 

that the operator ( ) XGLT →∞:  defined by ( ) ∫ μ=
G

fdfT  is compact. 

By our above claim μϕ=ν dd 2  belongs to ( )., XG∞
ΛM  Thus, by our 

hypothesis on X, the operator ( ) XGLS →1:  defined by ∫ ν=
G

fdSf  is 

completely continuous. 

Now let ( )nf  be bounded in ( ).GL∞  By passing to a subsequence if 

necessary, we can assume that the sequence ( )nf  converges ∗weak  to some 

function ( ).GLf ∞∈  It then follows that the sequence (( ) )2−ϕ− ffn  is 

weakly null in ( ),1 GL  and hence the ( (( ) ))2−ϕ− ffS n  is norm null in the 

Banach space X. To finish the proof, we notice that 

(( ) ) ( ) ( )∫ ∫ μϕϕ−=νϕ−=ϕ− −−− dffdffffS nnn
2222  

( ) ( ) ( )∫ ∫ −=μ−=μϕϕ−= − .22 ffTdffdff nnn  

This shows that ( )ffT n −  is norm null in X. The proof is complete. ~ 

We also notice the following: 

Proposition 9. Let G be a compact connected metrizable abelian group 

and let 0Λ  be an ordering subset of the dual group .Ĝ  If a Banach space X 
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has type RNPI −Λ− 0  ( .resp  ),0 CCPI −Λ−  then it has RNPII −Λ−  

( )CCPIIresp −Λ−.  for any subset Λ of .0Λ  

Proof. Note that, since X has ,0 RNPI −Λ−  it has .0 RNPII −Λ−  

Hence, if ( ),, XG∞
Λ∈μ M  then ( ),,1

0
XGΛ∈μ M  and therefore, μ is 

Bochner differentiable (resp. μ has relatively compact range). ~ 

As a consequence of Theorem 7 and Proposition 9, we have: 

Corollary 10. Let G be a compact connected metrizable abelian group 

and let Λ be a subset of the dual group .Ĝ  Then 

 

for Banach spaces with type ,0 RNPI −Λ−  where 0Λ  is an ordering subset 

of .Ĝ  
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