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1 INTRODUCTION

By applying any onc of the known stability enterions
like. Nyquist, Bode, Hurwitz, Routh or Raus the
stability of a control system can be determined only if
the system's parameters are defined and constant. To
determine the stability when one or more of the
system’s parameters are varishle, some of the stability
criterions have to be applicd repeatedly. Then all
procedures should be implemented for esch individual
case of repetition. This problem could be eventually
overcome il specialized software like CODAS s
designed for atomizing the mentioned criterions. 11 may
Lo over all the procedures automatically and determine
the regions of stability corresponding to the variation
of a specific system parameter.

There are a number of known methods and criterions
dealing with the problem of stability of systems with
variable parameters. Unfortunately some of them are
limited in their application, while the implementations
of others require special technical skills, For instance.
the criterion of Vishegradsky [1,2] is limited 1o third
order control systeris and it is restricied 10 variation of
only one paramctcr. It only defines the regions of
stability or instability if the gain of the system is
changed. Further, the Root-Locus technigque, developed
by Evans [3). displays the trajectories of the poles of a
system (the root loci) when a certain system parameter
varies. For plotting the root loci accurately, usually
camputer programs like the ROOTLOCI in the ACSP
pockage, or the RIPLOT in the CSADMATLAB
toolbox, or the ROOT LOCLUS of the program CC are
required [4,5]. Although this technique is described in
a lot of control engineering sources, in order o be
implemented, it needs an approprinic  computer
software as well as high personal experience for a
proper interpretation of the data provided by the root

loci analysis. Another well-known  criterion  for
analysis of multi-loop high order sysiems with
variable parameters is the criterion of Mikhailoy
[1.2,6). It can be successfully used for determination
the stability of such systems, but i quite sophisticated
and again needs special software.

In arder to save effort and time and 10 analyze the
affects of parameter variations on the system's
stability, the method of the D-partitioning can be
applicd. The initial ideas of the method were
suggested by Neimark [1.2). Regrettably these ideas
were not sufficiently  developed for any broader
praclical implementation. The ideas of the method
have been rarely described. if at all, in any sources on
control  engincering  end  have  never being
implemented in practice because of their obscurity and
complexity [2,6,7].

IF the method of the D-partitioning is well clarificd
and simplified. it has advantages compared with the
other mentioned methods in terms of a clear and
graphical display of all regions of variation of each
parameter for which the sysiem remains stable.

The purpose of the current research is to emphasize on
the application of the method and has the objective 10
clarify it in a popular manner in order to simplify its
implementation. By applying the basic initial idcas of
the method, the main line of the mathematical
approach and the suggested examples in this paper are
originally designed by the authors. The contribution of
this rescarch is o simplify and graphically determine
the regions of swbility for variation of specific
sysiems parametcrs. The method of the D-partitioning
is applied to control systems with different varigble
parameters and some useful results arc achieved,
contributing further to the theory of control systems



stability. With the aid of the methed proper parameter
values cen be chosen For a desirable performance and
stability of a system, The method of the D-partitioning
can be practically uscd when one, two or more
system’s patamelers are varied Basically the method
defines regions of stability in the space of the system’s
parameters. The D-partitionmg method ean be essential
and very useful when analyzing robust control systems,

2 NATURE OF THE D= PARTITIONING

2.1 Space of Characteristic Equation Cocflicients

The roots of the charactensic equation of the wransfer
function of a control system depend on the coefficients
of this equation and therelore depend on the system’s
parameters, Generally, for an s-order characierisiic
equation, M roots may be pesitioned in the right-hand
side and (n-m) in the left-band side of the s-plane [7.9],

To implement the method of the D-partitioning, an -
order chargctenstic equation is presented i the format;

G(s) = a,.‘" + "l“" Voo a,=0 (1)

where s is the Laplace operator
. a, ..., 4, - parameter-dependent coellicients

IT @y =1 and the position of one of the roots is at the
origin of the coordinate system, or a pair of roots is at
the imagmary axis (marginal case of stability), after
substituting & = @, equation (1) can be transformed
10 equation (2):

G =(w)' +a,(je)" " +.ova, =0 2)

It the frequency changes  within the range of
~m<mws -+ in the space of the characteristic
cquation coefficients @ 0500, G, . cquation (2)

represents a planc in this r-dimensional space,

When 1he charaeteristic equation is of @ third oeder, it
van be deseribed by equation [ 3)

Glﬁs):s" M)ls: bas+a; =0 (3

There &5 always such @ comelation between the
coctticients of equation [3) at which ¢ither the position
of one of the roots is at the onigin of the coordinaic
system. or @ pair of roots is placed on the imagmary
axis of the s-planc. Then, after substituting s = je in
equation (3), equation (4) is obtained, definmg a plane
N in ke S-dimensional space of the coeflicients:

W daady ., as shown in Figure | [1.2.89).
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Figure 1. The surface Vin the 3-dimensional space of
the characteristic equation cocflicients

Specific values of the cocfficients: @y, @y ,ay, define
the point M, os seen in Figure 1, that will be positioned
on the surface NV only when the roots of the
chameieristic ¢quation are on the imaginary axis (the
marginal case of stability). Therefore the surface N,
defined by equation (4), divides the space ol the
cocfficients inlo a number of regions. These regions
are labeled by [fm), where m is the number of the
roots in the right-hand side of the s-plane. Each point
into @ reglon corresponds 10 specific  system’s
parameters and hence 10 a specific third order
charucterstic equation that has specific number of
roots a1 in the right hand-side of the s-planc [7,8.9].

2.2 Definition and Further Considerations on
the D-partitioning

Tire chivision of the space of the characieristic eguation
coefficients  ay 0yw.na, 4 . bt a numher of

vegions corresponding (o different number of the rooty
mm the night-hand side of 1he s-plane is considered
as the D-partitioning.| 1.8.9]

In case of a third order system, described by the
characteristic equation (3). there will be four regions:
De3), D), DL, D).

Only the region DeOr will be @ region of stability. since
only it comesponds 1o such a correlation of the
cocflicients, respectively of the system's parameters,
for which the characteristic equation has no roots in
the right hand-side of the s-plane. Therefore, the
condition for stability is met only for region D¢,



Any crossing from one to another region of the space

of the coeflicients a,. ¢,.... a, corresponds (0 passing

over of the characteristic equation roots across the
imaginary axis of the s-plance. Therefore, the borders
of the D-partitioning can be determined by substituting
§ = jo in the charactenistic equation and further by
allocating  different values of the frequency
caleulating the parameter coordinates [2.8,9).

I the characteristic equation is of 2" order. an n-
dimensional space is considered instead of a 3-
dimensional space, But then, in most of the cases, enly
some of the system's parameters and hence only some
of the coefficients may be variable For instance, in a

third order system, only the coefficients a,,a, may be

variable, while @, may be a constant, Then, instead of

a surface dividing the space of the coefficients, only a
curve is considered. This curve 1s obtained as a cross

section of the surface N with the plane «, = const

There is 2 considerable theoretical and practical
significance of the method of the D-partitioning. But its
implementation for higher order systems, with larger
number of parameter variables, is becoming quite
complex und 15 difficult 10 be presented graphically.
Practically the method of the D-partinonmg could be
applicd mainly for cases of control systems with one or
two simultancously varied parameters,

3 D-PARTITIONING BY ONE VARIABLE
SYSTEM PARAMETER

3.1 General Application of the D-Partitioning by
One Variable System Parameter

I'he system characteristic equation (1) can be presented
in the followmng format to expose the vanable
parameter [2,10]:

Gls) =Py +vQls) =0, (5)

where  P(v) and O(s) are polynomials of §

v is the variable system parameter

The D-partitioning regions conld be obtained by
substituting the Luplace operator s = jw. Then,
cquation {6) becomes o complex number equation

G(jer) = P(jon) + vQ(jen) =0 16)

Therefore, v can be presented also as a complex
number as follows:

Pliw) .
s o ; T
[ 0(jo) X))+ fY (). ()}

where the real part Xer of this complex number

comresponds in reality after substituting § = jo to
the variable parameter of the control system.

The D-partitioning  regions  could be  obtmned
graphically in the plane v = X(w)+ fY(w), by
allocating different values of the frequency within the
range — o= @ < + % Itis quite sufficient to plot the
border of the D-partitioning regions only within the
range @ =+, since it could be complemented for
the range —= < w by its mirror image with respect o
the real axis,

Supposc a root of 1he system's characteristic cquation,
is moved from the right-hand side to the lefi-hand side
of the s-plane, crossing the imaginary axis, as shown
in Figure 2 [2,11].

s-phine

Regron of Stobsluny Region of Instability

v

Figure 2, Root movement from the stable into the
instable region of the s-plane.

This movement of the oot from the unstable into the
stabie region of the s-plane carresponds 1o a crossing
of the border of the D-partitioning region in a specitic
direetion, seen in Figure 3.

[ a root is movedd along the imaginary axis of the s-
plane when the frequency @ changes from - = (o
+ %, the region of stebility remains on the left-hund
side of the plane (Fig.2). Similarly, in the complex
plane v = X(w)+ j¥{w), the region of stability
remains on the left-hand side of the D-partitioning
curve for a change of frequeacy from —= to +
{Figured),
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Figure 3, A D-partitioning curve obtamed in the
w-plane for e frequency change from — = to ~ =

3.2 First Example of D-partitioning by One
Svstem Parameter (Gain Variable)

In this rescarch, @ number of onginal examples for
practical implementation of the method are shown
Suppose that the characteristic equation of a system is!

()‘(.\"):(T,H-IRT:.\wIXT,_H»IMK=0 (Y]

Any one of the system’s parameters may be chosen as
o variable. In this case. the time-constants 75, I and 75
are known and constant values, while the gan K =v
is considercd as the unknown and vanable parameier.
The objective is. by implementing th  D-partitioning
method, to determine the region of stability when the
system parameter K varies and to determine the limits
of K within which the control system will remain
stable.

By applying cquation (5), the polynomials P(s) and
O(x) could be determined as:

Pis) =Lz = )Ls + DT+ 1) (9)
Ols)=1 (1
Substituting 5 = fe in (9) end (10). applying cquation
(7) and considering that A = v, the D-partitioning

curve (Figure 4) can be plotted from equation (11) by
allocating values of the frequency from <=0 10 & 2.

)
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Figure 4. The D-partitioning curve defimng three
regions (partitions): D(0), Di1yand D(2).

As scen in Figure 4, the D-partitioning determines
three regions on the rplane: D(0), D{1) and D(2).
Only DX(0) is the region of stbility. since it is the one
being on the left-hand side of the curve for a
frequency change from <= to + =,

In this case, the y-plane is considered also as a
K-plane, because v = K. To determine the range of X
for which the system 1s stable it is required to take into
account only the real values of” A, since only the real
values may be alloeated to the gain of the system. I A
= 0, corresponding to a point C on the v-plane with
coordinates (0. j0), the charactenistic equation (8) is
comveried into:

GES) = (T s # DT+ DT+ 11 =0 (12)

All three roots of equation (12) have negative real
parts, being in the lefi-hand side of the s-plane:

ISy 5y ST, S —— (13)

This also proves that point C(0, j0) correspanding to
K = 0 belongs o the stable region Di().

Further, it is obvious that if the parameter X is varied
within the range of values, corresponding 1o the
scgment AB, the system will be stable, since the
segment AB is within the stable region D(0),

Point A(-1, j0) determines the value of the gain as K =
—=1. When the gain is negative and within the range
=12 K 20. the control system employs a positive
feedback,

Point B(A...., J0) corresponds o the maximum value
of the gam. A, .. at which the systam is reaching 1S
margin of stability, or becomes marginal.



For the cases of process control systems that mainly
employ negative feedback, the runge of K is
0zK2K,,. corresponding to the scgment CB. In
reality, also proper phase and gain margins should be
considered.

The value of K., can be determined by finding out
the frequency o, at which the imaginary part Y(o.) of
equation (11) is equal 10 zero. or Y(w,) = 0. This
frequency is determined as:

147,41,

™Y mnn

()
Then afler substituting » = w, into the real pan of
cquation (11), the marginal system gain is determined

Koy = Xy ) =
) YOI y LI ¢ (15)
LR s e N PSSLIFRGI I B
L on L, 1

33 Sccond Example of D-partitioning by One
System Parameter (Variable Time-constant)

Supposc. the same control system is considered, like
the one in the first example, Its characteristic equation
is described by equation (8), but now the time-constant
I3 = v is unknown and variable, while all other system
parameters are known and constant.,

Here the objective is to determine the regions of
stability if the system parameter 7, varies, Similarly,
the limits of 7; should be determined, within which the
control system will remain stable.

For this case:

Gly) = I'(s‘)f\()(s)=P(.s']-TiQ(.\'l=0 (16)

Considering equations (9) and (10) and tking into
account that 75 = v, the D-partitioning curve can be
plotied from equation (17) by allocating frequency
values within the range -~ < m< + o (Fig. 5).
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Figure 5. The D-partitioning defining four reglons:
D(0). D(1). D{2)yand D(3)

As seen from Figure 5. the D-partitioning curve
determines four regions on the w=plane: D(0), D(1),
D(2) and D(3). Here D(O) and D(2) are the regions of
stability, since they are on the left-hand side of he
curve for a frequency change from == tp + 2 .

To find out the ranges of the time-constant 7, for
which the control system will be stable. 1 similar
procedure as that in example one is applicd. Here the
coordinates of points A, B and C should be
determined.

4 D-PARTITIONING BY TWO VARIABLE
SYSTEM PARAMETERS

4.1 General Application of the D-Partitioning by
Two Variable System Parameters

Il two of the system parumecters are variable
simultancously [2,7,12), the system characteristic
cquation (1) can be presented as:

Gls) = uP(s)+ ANs)+ R(s1 =0, (1%)

where  P(s), O(s)and R(s) are polynomials of &
4 and y are variables equal to the system's
variable parameters

The border of the D-partitioning in the plain (p.y)is
determined by:

Glje) = uP(je)+ ) jo)+ RGm)y =0 (19)
I P(ja)=F (o) + jP (o)
Qjw) = Ql(w)-* 7O (@) (20)
R(jm) = RI ) + jR‘ ()



Equation (19) could be presenied by a set of two
equations [8]:

w'mw;ﬂ'(mn Rl(cu)s() }

a () + )0 () + R (w)=D 21
By solving the set of equations (21) with respect 1o
2 and 7 the following resulis are achicved:

\ A,

p=— y=-— (22)
A A

where
P| ) Ql ()

A =
L"‘("” O (e

(R @) Q)

! -R () Q (@)

-
l"(m) - R‘ ()

A
: Ple) —R (m)

)

It is obvious from cquations (23) that A, A, and A,
are odd functions. Therefore. considering cquation
(22), mand yare even functions. It follows that cach of
the parameters i and p has over-tracing values within
the frequency region - 5 @ S ==, thatis;

e = pl-e2|
} 24

y(+a1) = y(~w)

Then, if in the plain (g 2. the D-purtitioning curve is
plotted following the frequency inerement from - = to
0. the rest part of the curve, plotted for frequency
increment from 0 10 =% is over-tracing the already
plotted curve in reverse order (Figure 6). As stability
region border is taken this part of this curve, that
corresponds [o he realistic paramelter values.

-

I >
"

Figure 6, Overlapping curves from @ = =% 10 0 and

w = 0w+z

The regions of the D-partitioning also depend on
straight lincs in the (24 plane, known as special
fines. The special lines are plotted for two border
frequencies o = 0 and m =« Then he cectlicients a,
and ¢, of the equation (1) depend dircetly on the
parameters ¢ and pand the equations of' the special
lines are oblained by:

a, =0, a, =0 (28)

The cocfficient a, determines a special line when o =
(1, while the coctficient ¢, determines a special line
when o = @

Now, the D-partitioning regions could be determined
by plotting the main D-partitioning curve, togerher
with the special lines on the (2.7 plane. The locked
regions between  these  pans  of  the  curve,
correspending to realistie physically realized system
pasameters and the special lines are identified as the
regions of stability. The realistic stable regions are
also always located on the lefi-hand side of the D-
partitioping curve, following the frequency increment.

42 Example of D-Partitioning by Two System
Parameters

Supposc that again charactenistic equation () is
considered. Here, it is sugzested that simultuneously
two of the system’s paraneters are variable:

Ti=u. K=y (26)
The objective is 10 determine the regions of variation
of these twao parameters, for which the sysiem will be
stable,

Fquations (26) are substituted in (8}, from where:
ﬂ‘T‘T‘.\ &7 (7 + 7'l )x: +5]+

27
+p=T TS +(T 4T )s+1=0

By substituting s ~ jer in cquation 127) undd taking into
account (19). the set of cquations (20) could be
presented in the detailed form:

PO =TT ( jon' (7 +T W e + jeo)

Q) =1 (28)

Rijer) = T‘T‘c jm): +(T .+ T‘ Jjer+1



Considering equations (21), (22) and (23) the variable
system’s paramicters can be determined as-

T +T )
u=——i
TTw -1
23
" 5 . . } (19,
IT‘T‘w‘ “D7 T+ fj)’m' +1
Fim s =
TTw -1
23 J

Comparing the equation sets (22) and (29), it is
obvious that:

A=Tw ) (30)

The determinant A becomes A =0 m a specific
frequency @ = @_ that can be found out from
equation (30):
= : : (31)
=), B [e— o
% \! ir

Itis clear from equations (22) that st @ = @, , when

A=0, both system paramcters are approaching
infinity:

Mo, )=,  y(m, )=z, (32)

This implies that the main D-partitioning curve has an
mterruption, or a breakdown, at a frequency w - w, .
It consists of two parts, the first one is plotted within
the frequency range 0 < @ < @, . while the second one

is obtained for o, <@ < ».

The special lines are determined by comparing the
cquations (1) and (27), identifving the coeflicients «,
and o, and equalizing them to zero:

w, = pul:T, =0,
or (33)

a,=y+1=0

M= = Const. y = =1 = Const,

The regions of stability are determined by the D-
partitioning curve, defined by equations (29) and the
special lines. defined by equations (32). For a better
clarification and simplicity, first the functions  wies
and  fey are plotied, @ shown in Figure 7(a) and
Figure 7(b},

[ (L]

Figure 7. The graphical presentations of gy and 7o
show the interruption (breakdown) of the curves at &
frequency m =g

Finally. by combining the oy and  #ew curves and
the special lines, the D-partitioning in the (. ) planc
1s obtained.

) (.7 ) plisae
oo x

Dty
Y
Spectal Lme (=0
I
ne -(l-"f.)\
R =

D ) | "
* - o Specal Line(; - 1)

T

Figure 8, The regions of stability Dy(0) and Ds(0)
locked between the D-partitioning curves and the
special lines

Taking into account that & = 77 is a time-constant and
it can adopt only positive values, practically only the
stable region Dy(0) should be considered. In this case,
the region of stability D,(0) is locked within the lefi-
hand side of the D-partitioning curve, comresponding
to frequency rise from @ <o, © @ and the
special hine » 1. Further, the conclusion is that for
small values of the gain K < .. the system is stable
for any values of the time-constant & = 7,. The value
of ju, can be easily determined by taking the first
denvative of the sccond equation of the set (29). Large



zein volues K = 7, could be employed only for very
small or very large values of the time-constant ¢ = 7,

] CONCLUSIONS

The method of the D-partitioning is essential for
controller design and analysis in robust control systems
and control systems with real parametric uncertainty
[12.13,14]. Here, one of the key features is the coneepl
of robustness, Instead of a pominal system, we study o
family of systems and we say that @ certain property
(e.g.. stability) is robustly satistied if it is satisfied for
all members of the family [15,16.17]. Based on the
theory of root positioning  of the charactenstic
equation, the method of the D-partitioning determines
the limits of varauoen of the parameters within which
the system remains stable. The regions of stability arc
obtained by plotting the D-partitioning curves and in
some  cases  special  hines. The method can be
cansidered as another opportunity for determimation of
stability of systems with variable parameters. The
contribution of this paper is, by adopting some of the
mitigl  theoretical ideas, to develop  further the
mathematical analysis and 10 show the practical
procedures for implementation of the method. When
the method of the D-partitioning is well clarified and
its application simplified. it has the advanages in terms
of a clear and graphical splay of all regions of
parameter variations for which the system remains
stable,

Leboratory experiments  have been  performed, by
simulating the operation of @ tkird order control
system. The system uvsed. being o hardware maodel,
gives the opportunity of variation of any of its
parameters and has a characteristic equation of the type
described by equation (8. First, the system of the
laboratory model has been examined for stability, if
one of its parameters is variable, The test was
performed for variation of the sysiem’s gain and then
for one of the systemv’s time constants. Further, 1the
system was tested by varying simultancously two of 11s
parameters (gain and time constant). The outcomes
from the cxperiments  match  completely  the
theoretically obtained results, In this way the validity
of the application of the D-partitioning method has
been verified and proven for a number of cases of a
thind order system with variable  parameters. By
drawing a general conclusion from the theoretical and
laboratory results, the method of the D-partitioning can
be implemented practically for any neorder system with
one or two variable parameiers,
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